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We propose an asymptotic preserving (A-P) scheme for a population model structured
by age and a phenotypical trait with or without mutations. As proved in [26], Dirac
concentrations on particular phenotypical traits appear in the case without mutations,
which makes the numerical resolution of the problem challenging. Inspired by its
asymptotic behaviour, we apply a proper Wentzel-Kramers-Brillouin (WKB) representation
of the solution to derive an A-P scheme, with which we can accurately capture the
concentrations on a coarse, e-independent mesh. The scheme is thoroughly analysed and
important properties, including the A-P property, are rigorously proved. Furthermore, we
observe nearly spectral accuracy in time in our numerical simulations. Next, we generalize
the A-P scheme to the case with mutations, where a nonlinear Hamilton-Jacobi equation
will be involved in the limiting model as € — 0. It can be formally shown that the
generalized scheme is A-P as well, and numerical experiments indicate that we can still
accurately solve the problem on a coarse, ¢-independent mesh in the phenotype space.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

In evolutionary biology, to describe the evolution of a phenotypical trait x in an age structured population, a generic

equation is

£0iNg + 0gne +d(a, x)ng =0,

trait x at time t. The parameter 0 <m <1

* Corresponding author.

ng(t,a=0,x) =(1 —m)f b(a, x)ng da

0
o0 o0
+ g//b(a,y)M <¥> ne(t, a, y)dady,
00

for t >0, a>0 and x > 0 and where n¢(t,

(11)

a, x) is the population number density of individuals with age a and phenotypical
represents the proportion of birth with mutations and the rate of change from the
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initial trait y to the inherited trait x is described by the probability density function %M(%). Here, 0 < &€ <« 1 measures
the effect of mutations on the phenotype.

The age structured equation (1.1) is very standard, [18], and has been used many times to model various phenomena
in evolution biology (see for instance [4,34,24,26,31]). In particular, it can be used to study how evolution affects the way
cancer incidence depends on age (see, for instance, [14,27]). In this setting, the trait x indicates the age beyond which
the aggressiveness of the disease increases suddenly. Intuitively, the smaller the x is, the more dangerous the disease is. It
was observed that, in nature, cancer mainly affects individuals beyond their reproductive age, which will correspond to age
a* in our formalism. A recent description of these issues and of the role of natural cancer prevention mechanisms in the
transmission of germinally inherited cancer-causing mutant alleles is given in [1].

We assume that M is a smooth probability density and that both the reproduction rate function b(a, x) and the death
rate function d(a, x) are non-negative. Ageing, leads to assume that lim,_, » d(a, X) = co and we assume there is a limit age
for individuals to reproduce so that b(a, x) is uniformly compactly supported in q, i.e. there is a smallest value a* > 0 such
that

b(a,x)=0, Va>a*, Vx>0. (1.2)

When the birth rate b(a, x) is large enough, the population will grow exponentially. To better show the natural selection
with the model, it is preferable to study the normalized population 7. (t, a, x) defined as

o0 0
~ ne(t,a,x
fig(t,a,x) = M 0e(t) = // ne(t, a, x) dadx. (1.3)
Pe(t)
00
Then, one can expect that the fittest trait is selected which is expressed in terms of concentration of the population density
at some moving point x(t), with a profile N, namely

fig(t,a,x) — §(x — X(t))N(a, x(t)) as e — 0", (1.4)

assuming the population is monomorphic.

This type of concentration is associated to the selection process of adaptive population dynamics. In this setting, x(t)
represents the adaptive dynamics of a population which at the beginning is concentrated at a trait x(0) which might not be
the fittest, and which will thus have to evolve to adapt to the environment (described by the birth rate b(a, x) and death
rate d(a, x)). The question has raised an important interest in the last decade after the initial introduction of the subject in
mathematical biology (see [15,12]). The population view has also been widely studied theoretically (see [3,13,11]). Several
biologically-relevant examples have been treated, e.g. competitive interactions [19], the chemostat [6,5] and the evolution
of senescence [31].

Because of this singular behaviour, the direct simulation of equation (1.1) requires expensive methods with an extremely
fine mesh to capture the Dirac mass. Here, based on the asymptotics developed in [26], we propose a new numerical
strategy which is Asymptotic Preserving, i.e., able to capture the singular limit £ — 0 without refining the mesh.

Our purpose is to use the representation of solutions as a ‘smooth’ part multiplied by a singular part given by the
solution of a Hamilton-Jacobi equation in order to compute accurately the concentration effect, as illustrated in (1.4), with
a coarse grid which does not require any refining in order to be able to follow the Dirac mass. This question also appears
in other types of asymptotic problems arising in kinetic equations, see [16].

The paper is organized as follows. We first review the proper WKB representation of the solution in the case without
mutations in Section 2. Then, we propose in Section 3 the detailed asymptotic preserving finite difference scheme based on
the representation. In Section 4, we generalize the scheme to the case with mutations. In Section 5, we show numerical
results to illustrate the efficiency of our method. Finally, conclusions are drawn in Section 6.

2. Case without mutations (m = 0)

Our numerical strategy is based on the WKB representation for solutions of equation (1.1). We first present the simple
situation when m = 0. The dynamics of n.(t, a, x) is governed by the equation

£0¢Me + dalle +d(a, X)Ng = —Ae (D),

o0

ne(t,a=0,x) :/ b(a, x)ng(t,a, x)da, (21)
0
which is coupled with the dynamics of p. via
. x 0
he () 1= a% - / / [b(a. x) — d(a. 0)lfie (t. a, x)dadx. (2.2)
&
00
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It is obvious from (2.2) that

inf{b(@, %) —d(@, 0} <xs(t) < sup {b(a,x) —d(a, x)}, (23)
and the two bounds are independent of ¢ and t.
2.1. Spectral problem

It is useful and standard, as a preparation to the next steps, to introduce the following spectral problem. For each
fixed x, we define the leading eigenvalue A(x) and the corresponding normalized eigenfunction N(a, x) > 0 of the operator
dq +d(a, x), with the same boundary condition. With assumption (1.2), thanks to an explicit representation, we may assume
that we can define (A(x), N(a, x)) as

0aN(a,x) +d(a,x)N(a,x) = —A(x)N(a, x),

00 +00
N(a:O,x):f b(a,x)N(a,x)da, N(a,x) >0, / N(a,x)da=1. (24)
0 0
Also, we can define the dual eigenproblem of (2.4) as
—0g®(a,x) +d(a,x)®(a,x) = —Ax)D(a, x) + b(a, x) (0, x),
[ % @@, 0N(@ xda=1, ®@a,x) >0. (23)

The eigenvalue A (x) only depends on values of b(a, x), d(a, x) for 0 < a < a*. Indeed, the eigenvalue A is defined by the
relation

%

a
/ b(a, x)e~[AWat[gd@xda]gq _ 1 (2.6)
0

The integrability condition for N means that, for a large, d(a, x) is large enough compared to —A (x). At least, we need that

d(a, x) > —A(x), foralarge. (2.7)
The above assumption is easy to be satisfied since A(x) is independent of d(a, x) for all a > a*. It is also convenient, in
order to avoid loss of mass at infinity in x, to assume that

A(X) <0 forx large. (2.8)

Furthermore, these problems have been widely studied. As shown in [29], the solutions N and & are bounded.
2.2. Asymptotic variable separation

The recent studies mentioned before show the asymptotic concentration of n(t,a,x) at some x(t) as ¢ — 0, a fact
indicating the existence of a singularity according to (1.4). The approach initiated in [13], consists in writing n(t, a, x) in
the form

ug (t.X)

e (t, 0,0 ="t qe(t, a,X). (2.9)

We assume this representation is true initially with both qg(a,x) and ug(x) being smooth and satisfying, for some 0 <
Y X <y,

0<y®N(@ x) <q2(ax) < VXN, x), (2.10)
and
® 0
ug(x
/ e ¢ : dx=1, ug(x) — u%x) <0 uniformlyas & — 0%. (2.11)
0

ud)
With additional technical assumptions, it implies that limg_, g+ e = 8(x — xp) when xp = argmax, u%(x) is unique. An
example of assumption is that ug is uniformly concave in ¢ and x, see [23].

3
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In the following, we establish dynamical equations for q.(t, a, x) and u.(t, x), respectively. We use the theory in [26] in
order to get the exact equation for u.(t, x), as € — 0, which deals with the singularity and is easy to solve. Then, it turns
out that the information in the a-direction, described by g, (t, a, x), is fully regular.

As it is standard [30,26], we build u,(t, x) as the solution of the equation

drtte = A(X) = Ae (D), U (0, %) = u(x) (2.12)
where A, (t) is defined in (2.2). Then, it is immediate that g, (t, a, x) satisfies

£0tqe + daqe +d(a, X)qe = —A(X)qe,
o0

qe(t,a=0,%) =/ b(a, x)qs(t, a, x) da, (2.13)
0
qe(t=0,a,%) =q%a, x).

The dynamics of u.(t,x) is coupled with the dynamics of q.(t,a,x) via A¢(t). In this setup, the following properties of
qe(t,a,x) and ug(t, x) can be proved as in [26].

Theorem 2.1. Consider the two solutions u.(t, x) and q.(t, a, x) of (2.12)-(2.13), with initial constraints (2.10) and (2.11). Then, the
following properties hold.

(1) (Maximum principle of q¢ ) For all t > 0, we have

0 <y ®)N(a,x) =qe(t,a,x) <y (x)N(a,x). (2.14)

(2) (Conservation law) For all t > 0, we have

+00 +00
/qg(t,a,x)CD(a,x)daz/qg(a,x)CI)(a,x)da, Vx. (2.15)
0 0

(3) (Limiting equations) We define, after extraction of a subsequence, u(t,x) = limy_ o+ us(t,x) (uniform) and q(t,a,x) =
limg_, o+ g5 (¢, a, X) (weak-* limit). Then, the dynamics of u(t, x) and q(t, a, x) are governed by
oru(t,x) = A(x) — A(t), (2.16)
where the function A(t) adapts automatically in such a way that max, u(t,x) =0 for all t > 0, and

+00

q(t,a,x) =p0(x)N(a,x), ,oo(x) = / qo(a,x)CD(a,x)da. (217)
0

As a remark, lim,_ g+ A is the Lagrange multiplier associated with the constraint maxy u(t, x) = 0, which is necessary
ug (t,x)

for the unit mass condition [;° [¢° q.(t,a, x)dae ¢~ dx = 1. Together with (2.17), we conclude that Jo~a(t.a, x)da = p°(x),
and thus, for a measure w(x, t), after extraction,

ug (t,x)

e ¢ —pu  (weaklimit), and / p°()dp(x) = 1. (218)

Proof. We simply recall roughly the main ideas of the proof because these are just variants of those in [26,29,25].
(1) The conclusion follows from the comparison principle of a transport equation.
(2) Multiplying both sides of (2.13) and (2.5) by ® and q,, respectively, and subtracting, we get

€0t(qe ) + 0a(qe P) = —b(a, x)q: (0, x). (2.19)
It follows by integrating the equation over a and noticing the boundary condition in (2.13) that
+00
% qe(t,a,x)®(a,x)da=0 (2.20)
0

holds true for any x and t > 0.
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(3) Because A is bounded, u, converges uniformly after extraction. And q. is bounded using (2.14). Therefore, we may
extract a convergent subsequence as indicated.
Next, we identify the limiting equation for q(t, a, x), which by linearity satisfies

0aq +d(a, x)q = —A(X)q,

oo
qt,a=0,x) =/ b(a, x)q(t,a, x) da.
0

Because the dominant eigenvalue in problem (2.4) is simple, we find that q(t,a,x) = p(t,X)N(a, x) for some function
p(t, x) which is independent of a. Then, we may pass to the limit in (2.15) and find

+00 +00 +0o0
/qo(a,x)QD(a,x)daE/ q(t,a,x)d>(a,x)da=p(t,x)/ N(a,x)®(a,x)da = p(t, X).
0 0 0

ug (t,x)

We notice that j0+°° e ¢ dx is uniformly bounded with respect to ¢ since the following holds,

+o00 00 00 +o00
ug (t.X) ug(t.x) _ ug(t.x)
0<Z(x)/ e ¢ dxfl://q(t,a,x)e B dadxfy(x)/ e ¢ dx, (2.21)
0 00 0

by (2.4), (2.14) and the normalization condition. As a result, we must have
max{u(t,x)} =0 foranyt > 0, (2.22)
X
which leads to the limiting equation (2.16) for u(t,x). O

ug (t.

. x) . o .
Remark 2.1. Notice that p®(x)N(a, x)e “ are exact solutions of (2.1). Theorem 2.1 implies immediately that, these solu-
tions attract all solutions.

ug (t,X)

Remark 2.2. The question to know if the weak limit (in measures) of e %7 is a multiple of a Dirac mass §(x — x(t)) is
related to knowing if the maximum in (2.22) is unique. This holds if both ug and A are strictly concave (then u(t, -) also is)
[23]. This also holds if A(x) is monotonic [2].

3. Finite difference discretization: case without mutations

Based on the dynamic equations (2.13) and (2.12) for g, and ug, respectively, we show the detailed numerical scheme
discretized via finite difference method, which generates a discretized solution of (2.1), compatible with the limit € — 0.

3.1. Notations

For simplicity of notations, we introduce [K1, K3] :=[K1, K21NZ and define §; and 8] to be the backward and forward
finite difference operators approximating dx, respectively. Similarly, we can define §;, 83 and S[Jr . Let us take = (0, o0) x
(0, M)? to be the computational domain of (t,a, x) and denote the uniformly distributed grid points as

th =hAt, aj=jAa, xx=kAx, (3.1)

for he N U{0}, j € [0, Kq] and k € [0, Kx], with Aa= % and Ax = KMX being the mesh sizes in a- and x-direction, respec-
tively. Let u;} and q’j? « be the corresponding numerical approximations of ue (ty, X)) and qe (ty, a;, X), and denote

u' = (uZ)T e Rfx+1 Qh = (q’]?’,c) € RKatDx (K1), (3.2)
Then ﬁ’}.k, which is defined as
u
it =qj e (3.3)

for all n >0, j € [0, Kq], k € [0, Kx], is the numerical approximation of the normalized population fi¢(ty, aj, x). Collecting
all elements ﬁ’}.k in a matrix, we get

N = (i) € RUaHDx (et (3.4)
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Here, we introduce I1(-) and I»(-) to be the finite difference approximations of the 1D integral in x-direction and the 2D
integral in both a- and x-directions, respectively,

Ky Kq Ky
L= ax) wPul, Q" =2aaaxd Y wlqh, (3.5)
k=0 j=1k=0

with the weights

2-38 1, fork=0,
we == xe = {2 . (36)
2 1, otherwise.
For each k € [0, K], we consider the discretized eigenvalue problem of (2.4) as
8 Nj +d(@j, xi)Nj=—ANjy, je[l, K],
Kq Kq (3.7)
Nox = Aa Zb(aj, XNk, and Aa Z wj.a)Njyk =1,
j=1 j=0
where W;a) = # Ay and Nj are the numerical approximations of A(xc) and N(aj, X), respectively. With the matrix

My = (mg‘;) € RXexKa defined in (A.1) and denoting

ny := Ny, Nog, ..., Ng, )| € R¥e, (3.8)

equation (3.7) can then be formulated in a more compact form as

Myny = — Agny, (3.9)

and —Ay is the leading eigenvalue of the matrix M. By the way, it will be convenient for later use to introduce the
following notations

A=(AT e RO N = (Nj ) e RKatDx (Kot D) (3.10)

k; <0 for all i# j, My, which is closely related to an M-matrix, has a positive left eigenvector

Notice that mf
o = (Poks P1ks-- - qﬁKa,],k)T € RXe corresponding to the same eigenvalue — Ay by the Perron-Frobenius theorem. In other

words, the eigenpair (A, ¢;) is the dual eigenpair of (A, ng) and satisfies

o) M = —Ary, (311)

or more precisely

=S5 i1k +d@j, x)pj—1k = —Arpj—1k +b@j, x)po k. e[, Ka—1]
Kq
Aay iy Njkpj-1k=1, PK.k=0,
where the boundary condition is artificial to make the eigenvector unique. Obviously, problem (3.12) approximates prob-
lem (2.5) in a discrete form.

As a remark, instead of solving the eigenvalue problem directly, the leading eigenvalues can be easily computed by
solving the following nonlinear equation

(312)

Kq j
1
1=Aa b(ai, x , kelo, K], 313
; @ I e v ap 100 G13)
which has a unique solution in the admissible set
Qr:={Ar € R|1+ Aa(d(as, x¢) + Ag) > 0}. (3.14)

Furthermore, the corresponding eigenvectors ny and ¢, can be computed explicitly. The derivation of equation (3.13) and
the detailed formula of n; and ¢, can be found in Appendix B.
For convenience of readers, a summary of all important notations introduced can be found in Table D.1.

6
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3.2. Numerical scheme
With the notations, the scheme works as follows from t, to t;41.

Step 1: Update Q" := (q? o) € RKa+Dx®et1) pased on the discretization of (2.13), i.e

h+1

gt —q" _ .

ettt + 6 dht g, x0di ! = —ad e 1K,

h+1 L ht1 (3.15)
doy' =Aa) blaj, x0T

j=1

It is worth noticing that, in (3.15), the stiff term must be treated implicitly to ensure stability.

Step 2: Update u" := (uf), u", ..., ul )T based on the discretization of (2.12), i.e
”QH —uy h
T A1l ke[0.K, (3.16)

where L! is chosen such that

Kq Ky h+1
I(NM 1) = AanZZw,(j‘)q’}feT =1. (317)
j=1k=

To compute effectively L, we set

h
Ve (VT ¢ RExH R i
=(vp) eR , vp=e ¢ , ke[0,Ky], h=0, (3.18)
then
)
lh=—n (IZ(Q“+1 ovh)), (3.19)

where the operator o denotes the generalized Hadamard product between a matrix and a vector

Q%o Ve o1 Vi - oV
Q" oV i g1 vl = diove aivh vk (320)
q?(j;] Vg q?(?l ’11 q};(:rlkx ?(X
Then the scheme (3.16) can be rewritten as
! = uQ+ArAk—gln(12(Qh+1ovh)). (3.21)

Remark 3.1. In practical computation, we need to normalize the vector v" for stability issues when ¢ is small. Noticing that
eln (||v’“||,oo) = u" + AtA[|pe, (3.22)

we can reformulate the scheme (3.16) to be
Wl =l 4 AtAy — |lu" + Atk [ — 1n (Iz(Qh+1 ° \7’1)) , (3.23)

where V" := is normalized in the sense ||¥"||jc = 1.

Wi
HV“ lliee
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3.3. Theoretical properties

As an analogous to Theorem 2.1 for the continuous case, we can show the corresponding properties for the discrete case
in Theorem 3.1 and Theorem 3.2.

Theorem 3.1. Taken u", Q" and N defined in (3.2) and (3.10). We assume that the initial data Q° satisfies the constraint
0<¥Njk <4, <VNjx (3.24)
forany j € [0, K] and k € [0, K], and update u" and Q" via (3.23) and (3.15), respectively. Then, the following properties hold.
(1) (Maximum principle of Q") For any h > 0, we have
0<uNjk<d}, <TNjk (3.25)

where j € [0, Kq] and k € [0, Kx].
(2) (Discrete conservation law) Define Ff' = Aa ZK“] qj «Pi—1k foreach k € [0, K] and h > 0, where ¢; i is defined in (3.12). Then,
we have

FI'=FY. (3.26)

Proof. (1) We prove (3.25) by induction. By assumption, the conclusion (3.25) holds true for h = 0. Therefore, we only need
to show that (3.25) holds true at t = t1, assuming that it holds true at t = t;. The proof is based on the discrete entropy
inequality generalized from [29]. For simplicity of notations, we reformulate the scheme (3.15) to be

h+1
el — q h+1
x kM , 3.27
AL Ky (3.27)
where My = (rﬁ(k)) € R¥exKe js defined to be —My — Agl with the matrix My defined in (A1), and qf := (q’l1 k,qg fr e
qK k)T It is then immediate that Myn; = 0 and ¢k M =07 and all off-diagonal elements of M are nonnegative, i.e.
m; j >0 if i # j. Define the discrete form of the general relative entropy to be

Z¢’] 1.kNj, kH( ) (3.28)

j=1
where H(-) is an arbitrary convex function. Then, we claim that

h+1 Kq

q; k
Z¢’] 1kN1 kH(—) <Z¢] 1I<N] k

j=1

(3.29)

In fact, a direct calculation shows that

qh—H qh h+1

k k k

Zzp,]kw,k H(-2) - H( 2K <Z¢j1 H(“)(’}Il—q]k)
N k N]k i k

j=1
h+1 Kq qh4l-1 ql}+1 qh+kl
H' (LX) gt = i N H' (25 [ 222 - 2L
IZ ¢] 1,k ( ) j.,id ik Z ¢] 1,k i NG ke (N],k) Nik N_),k
j=1 i,j=1
h+1 h+1 h+1 h+1 h+1
q; k q q; q; k q
Z¢]1km11N1k H(E (FH ) g IR gt | <o,
ij=1 N]k N!,k Nj.k N]k Nl,k

where the equalities Myn; = 0 and ¢,f1\71k =07 are applied in the second and the third equation, and the last inequality
holds true due to the convexity of H(-) and the fact that all diagonal terms are O.

The upper bound of qﬁl with j € [1, K] can then be proven by taking
Hw) = U -703 = 0. (3.30)

By assumption, (3.25) holds true for t =ty, which implies that

8
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9jk
Z¢’1 1.kNjH (N]’>:O- (3.31)

Combining (3.31) with the entropy inequality (3.29), it is then obvious that

qh+1
Z@ 16N H (N—) <0, (332)
j.k

which immediately leads to the conclusion qhtl < VkNj  noticing the fact that ¢;_q; > 0 Nj >0 and H(-) > 0. Similarly,

we can prove the lower bound at t =tp4¢. The boundedness of the boundary terms q0 k comes from the boundary condi-
tions in (3.7) and (3.15). Hence, (3.25) holds true for t = t; 1. Therefore, by induction, we proved the maximum principle
(3.25) for all h > 0.

(2) For each k € [0, K], multiplying both sides of (3.15) by ¢;_1 x and summing over j € [1, K,], we get

Kaq
At
=Ry = — D =0 a — i@ xoa) L — Mg, (333)
j=1

Noticing the boundary condition in (3.15) and the fact that ¢, =0, we have via summation by parts that

Kq Kq
Zd)] 1.k8q qh+1— quj-};]‘s ®i-1.k — Pok Zb(a],xk)qh-H
j=1
Kq
Zq’}f (85 ¢j-1k +b(@j, X)po 1) (334)

Substituting (3.34) into (3.33), we get

1<a
Pt — Rl = Zq’}tl (85 bj—1.k +b(@j. X)pox — A@j. X)pj—1.k — Aej—1.4) =0, (335)

where the last step is due to (3.12). The conclusion then follows directly from (3.35). O

Remark 3.2. Analogous to Remark 2.1, when we choose the initial data to be Q9 = N, we have Q" = N for all h > 0. All the
dynamics is carried by the singular part u,h(.

Remark 3.3. A scaling of Q" is recommended at each step to force (3.26) to hold exactly. Otherwise, noticing (3.35), the
round-off error will accumulate and no longer be negligible when time is large or 0 < & « 1.

It will be shown in Proposition 3.1 that the normalization constant L" in the scheme is uniformly bounded for whatever
choice of €, At and Ax. This implies that our scheme will be robust not only for normal cases, but also for the limiting case
0 < & « 1, where a concentration of the normalized population fi(t, a, X) appears.

Proposition 3.1. There are two constants L and L, which are independent of &, At and Ax, such that, forany h >0,

|t~

Proof. For simplicity of notation, we introduce

A= sup {Ag}, A= inf {Ag}, Y= sup (¥, inf  {y} (3.37)
ke[0.Kx] kelo.kx] wepog LT keok B

for whatever choice of Ky. Noticing that Ay is the numerical approximation of A(x;) after discretization in a-direction, A
and A are independent of &, At and Ax. For each element v/! in v" (3.18), we have

ol
® |kz:-

At
TA

o>

e e _vZfe Xe , (3.38)

which, together with (3.19), implies that
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e ul — ¢ uf
A+ In(2(Q" M oe ™) <L <A+ —In(l2(Q" " oe)), (339)

where I, (-) is the second order numerical quadrature defined in (3.5) and the operator o denotes the generalized Hadamard
product defined in (3.20). Besides, the maximum principle of Q" proved in Theorem 3.1 indicates that

Y ne1 _ Yo n
= he=dit =4k (3.40)

holds true for all h > 0, j € [0, K,] and k € [0, K,]]. With all these preparations, now we are ready to derive an explicit
upper bound and lower bound of L". The following two cases will be considered separately.

e Case I: ¢/At>C,
e Case Il: ¢/At <C,

where the constant C can be chosen arbitrarily as long as

czzgmgxﬂb(a,-,xk)—d(a,»,xw—Ak|}. (3.41)
J.K

(I) When ¢/At > C, recalling (3.15), we have that

Ka Ky ul
LQM e’ ) = AanZZW,({X)q’;fe e
j=1k=

L & At u
—AanZZW(X) |:q] Y + ?( 84 q’}f d(a,,)ck)thrl <q,}J,Z])e € :|
j=1k=0

Ka  Kx u h
=AaAx)_ > w |:q] L+ —(b(a,,xk) d(aj, x) — Ak)qﬁ]e E } (3.42)
j=1k=0

where the last step is due to the boundary condition in (3.15). Therefore, on the one hand,

Kq Ky — h
(R ® y At . not
Q" oe )>AaAXZZW [ = 5 P@ %0 —d@j. %0 — Al e
j=1k=0 —
INY CAt
= 1= 2L | =1 - AL (3.43)
o) 2¢e

where N' is defined in (3.4). Using the relation in (3.39) and the fact that In(1 — x) > —2x holds true for all x € (0, 1) and
CAL < 1 e have that

2e 2’
CAt
h>A+— ~ (@M oe* )) > A+ —1 nl-—--)=A-C (3.44)
On the other hand,
o & ¥ At u
I(Q 1 es < AaAx w(x) 14+ 2 Z0b(aq, x) —d(ai, x) — Agl | g e
2QMoe™) > T 1b@) %) —d(@j. x50 — Al | dj
j=1k=0 —
At C - CAt
<[1+==|LE"H=1+—. (3.45)
e 2 2¢
Similarly, combining the relation in (3.39) and the fact that In(1 + x) < x holds true for all x € R™, we have that
<A+ Em 1+CM <K+C (3.46)
&= At 26 )~ 2’ ’
To summarize, we have, in this case, that
h —_ C
A—CngsA—i—i. (3.47)

10
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3 uh
(II) When £ < C, recalling the relation (3.40) and the fact that I;(N") = [5(Q" oe' ) =1, we have that

4

llh Ilh
L L@ e ) < (@™ 0e®) < L1yl oe®) = (3.48)
Yy Y

I~ |‘<|

which immediately implies that
A—Cln(%)SL’;sX—i—Cln(g). (3.49)

Combining the two cases, we get that there exist two constants L and L such that

L<Ll<T, (3.50)

where the two constants can be chosen to be

L:A—Cmax{ln(%),l}, L:K+Cmax:ln(%), %} O (3.51)

3.4. Asymptotic preserving property

The asymptotic preserving (A-P) schemes are extremely powerful tools as they permit the use of the same scheme to
discretize a perturbation problem and its limit problem, with fixed discretization parameters [22]. Here we will show that
the schemes (3.23) and (3.15) are indeed A-P schemes.

Theorem 3.2. (Asymptotic preserving) When the discretization parameters Aa, Ax and At are fixed and 0 < YNjk < Q9 ik = <VNjk
holds true for any j € [0, K,]] and k € [0, K], then we have

(1) the scheme (3.23) tends to the following scheme as € goes to 0

h+1 _ . h
U, — Uy

h
=ML (3.52)

where L is chosen such that max;, uZ“ =0;

(2) the scheme (3.15) tends to the following scheme as € goes to 0 for any k € [0, K],

Srdi! +d@xod = —Akdy, e Kl

K,
e (3.53)
qlgﬁkl = Aa Zb(a],xk)q] k »
j=0

which is identical to (3.7) and implies that
q% = ¢ ks (3.54)
where p) = AaZJ 1qJ kPi-1k-
Proof. (1) Recalling the scheme (3.23), it is sufficient to show that
lim ¢1n (12(Q”+1 ovh)) —o0. (3.55)
On one hand, noticing the fact that |||~ <1 and the maximum principle of Q" in Theorem 3.1, we have that
12(Q" ! o) < max{7} 2 (N). (3.56)
On the other hand, since both Qh‘H and ¥" are nonnegative, we have

QM1 ovhy > 0. (3.57)

Since both the upper bound and the lower bound of I;(Q"*! o ¥") are independent of ¢, the limit (3.55) is then obvious.
The limiting scheme (3.52) follows directly by combining (3.23) and (3.55).

11



L. Almeida, B. Perthame and X. Ruan Journal of Computational Physics 464 (2022) 111335

(2) The maximum principle of Q" in Theorem 3.1 shows that Q"*! is uniformly bounded for all h > 0. Therefore, it is
obvious that limg_, ¢ 85?—(]}} (=0 for any j € [0, K], k € [0, Kx] and h > 0. The limiting scheme (3.53) then follows directly.
Since the limiting scheme (3.53) is identical to (3.7), we have, for each h > 0, that

a5 = PENjk (3.58)
for some ,0,’:. The boundary condition in (3.12) implies that

Ka

=Aa) qf bi1k (3.59)

j=1

Then, by Theorem 3.1, we have that pk = pk O
4. Case with mutations (m > 0)

A more interesting and realistic model is to include the effect of mutations, i.e. m # 0. In this case, the equation for the
normalized solution 7(t, a, X) becomes

£0¢Ng + Ogle +d(a, X)fe = —Ag (DN,

fg(t,a=0,x)=(1 —m) f b(a, x)ng(t, a, x)da

//b(a y)M( y)ﬁe(t,a,y)dady,
00

where Ag(t) := 8% = [Ib(a, x) — d(a, x)]fi¢ (t, a, x)dadx. However, the theory is not fully understood in these cases and the

general proof of convergence of the correctors, beyond the caustics, is a long-standing open question. Nevertheless, at least
formally, the same method can be applied and uniform bounds can be obtained which are enough to define an A-P scheme.

(4.1)

+

o |3

4.1. Asymptotic variable separation
Inspired by the case without mutations, we take the same ansatz (2.9) for n(t, a, x), i.e.

fig(t,a,x)=e s qe(t,a,x), (4.2)

which leads to the following equation by substituting (4.2) into (4.1)

Qe Oty + €0¢qe + 0qGe +d(a, X)qe + Ag(H)ge =0,

qe(t,a=0,x)=(1— m)/b(a,x)qg(t, a,x)da

o0 o0

-y ug (t,y)—ug (t.X)
//b(a y)M( )qg(t a, ye € dady.
0 0

For convenience of the numerical computation, we introduce z = (x — ¥)/& and rewrite the boundary condition in (4.3) as

(4.3)

+

o |3

qe(t,a=0,x) =(1 —m) / b(a, x)q.(t,a,x)da

o0 o0
+m / / b(a,x — e2)qe(t,a,x — sz)da | M (2) P dz, (4.4)
—00 0

where we force g, (t, a, x) =0 when x < 0. Following the case without mutations, we will establish the dynamical equations
for ug(t, x) and qg(t, a, x), respectively, based on (4.3) and (4.4).

12
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Assuming that du,(t, x) is independent of ¢, which will be shown later to be possible, and introducing 77[dxu.] as

o0
Mloxue] == / M () et () 4z (4.5)

—00

for any given x and t, we can evaluate (4.4) at first order as € — 0

qs(t,a=0,x) = (1 —m+ mn[oxue]) / b(a, x)q.(t,a, x)da. (4.6)
0

Following Section 2.1, it would be useful to consider the following spectral problem in the variable a, where x is a parameter
and the parameter 7 takes the value n[dyu.] defined in (4.5),
9aN(a, x, ) +d(a, x)N(a, x,n) = —A(x,n)N(a, x,n),
N@=0,x,n7)=(1—-m+mn) fooo b(a,x)N(a, x, n)da, (4.7)
N(a,x,m) >0 and [;° N(a,x,n)da=1.

In words, A(x, 7[oxuc]) is the leading eigenvalue of the operator 9, + d(a, x) with a parameter dependent boundary con-
dition, which approximates (4.4), and the corresponding normalized eigenfunction is N(a, x, [dxu:]). Theoretical analysis
shows that 9, A > 0 [26].

Now, we choose the Hamilton-Jacobi equation for u(t, x) as

Org (L, X) = A(x, [oxUe]) — Ae (L), (4.8)

where Ac(t) is independent of x and only changes u.(t,x) by a time dependent value in order to ensure the mass 1
conservation law. As shown in [8], the viscosity solution for the Hamilton-Jacobi equation exists and is unique. Equation
(4.8) implies that dyu,(t, x) is independent of ¢. In fact, by differentiating (4.8) with respect to x, we have

0 (Oxue (t, X)) = dx [A(x, N[oxue])]. (4.9)

Obviously, the dynamical equation (4.9) of dyu, is independent of € and thus dyu, is independent of ¢.
Combining (4.3) and (4.8), the function q¢(t, a, x) satisfies

£0tqe + 0aqe +d(a, x)qe = —A(x, N[xUUc])qe,

qe(t,a=0,x)=(1— m)/ b(a, x)q.(t,a,x)da
0 (410)

ug(t,x—ez)—ug (t,X)
3

dadz.

o o0
+m / /b(a,x—sz)M(z) qe(t,a,x —ez)e
—0 0

The limiting equations of u.(t,x) and qg(t,a,x) as € — 0" can be derived. Denote u(t,x) and q(t, a, x) to be the limit
function of u.(t, x) and q.(t, a, x), respectively. Similar to the case without mutations, we must have

sup{u(t,x)} =0. (411)
X
By taking the limit £ — 0% in (4.10), we can easily get the equation for q(t, a, x)

daq +d(a, x)q = —A(x, n[oxul)q,
_ 00 (4.12)

q(t.a=0,x) = (1 —m+mij[dxul)) [y~ b(a. x)qe(t,a,x)da.
4.2. Finite difference discretization

Based on the dynamical equation (4.8) for u.(t, x) and the one (4.10) for q.(t, a, x), we are ready to detail the numerical
scheme with finite difference discretization in space.

13
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4.2.1. Notations
For simplicity, we choose the same notations as in Section 3 and assume the mutation function M(z) to be compactly
supported on the interval (—Z, Z). We discretize the interval with uniformly distributed grid points as

z1=1Az, forle[—K,, K], (413)

where Az= % and denote M; to be the numerical approximation of M(z).

The parameter 7j[dxu.] defined in (4.5) plays an important role in the case with mutations. For each k € [0, K] and
h > 0, we compute 771]:- the numerical approximation of 75[dxu¢](ty, Xk), via the finite difference method. The first-order
upwind scheme [9,10,28,32] is applied for computing the first order derivatives. To be more specific, we set

M = g6 up, sup), (414)
where the function g(«, 8) is defined as
Kz
gla, )= Azz wl(z) (M_pe 0P + Me=a%), (4.15)
=0

with weights

‘1 .
) k) =, ifI=00r K,
w@ =1 200K )2 ’ (416)
2 1, otherwise.

To avoid the difficulties with the boundary conditions, we simply assume (Sx‘ug = (S;ru’}(x =0 for any h > 1. This does

not have much effect because it corresponds to very negative values of u", whose effect on the normalized population is
exponentially small and is thus negligible. Obviously, the scheme (4.14) is independent of €. More accurate finite difference
approximations for the first order derivatives, such as WENO [20,21,33], as well as approximations via other methods,
including the finite volume method and DG method [7,17,35], could be applied as well. However, the corresponding schemes
would obviously be much more complicated noticing that all uﬁ must be updated implicitly.

The eigenpair (Ak(n,’;‘), nk(nz)), which now depends on the parameter n,’j, satisfies the following discretized eigenvalue
problem of (4.7)

87 Njk(mM +d(aj, x)Nj k() = = AN k), j e [1, Ka].
Kq

Nok(p) = (1 —m+mn)Aa baj, x)Nj i), (417)
j=1

Kq
Aa} ity Wj'a)Nj,k(me) =1,

where oy (') = (N1 (), No k), ..., N, k)T and k € [0, K,]. The equation (4.17) can be written in a more compact
form with My (") € RKe*Ka defined in (A.1) as

M) = — Ahme (). (418)

Then, Ak(n;:) is defined to be the leading eigenvalue of the matrix Mk(nﬁ). Again the Perron-Frobenius theorem indicates

the existence of the positive eigenvector nk(nl’:) for each k € [0, K] and any nﬁ > 0.
A summary of notations introduced can be found in Table D.1.

4.2.2. Numerical scheme
With all these preparations, now we are ready to show the detailed scheme to update u" and Q".

Step 1a: Theoretical computation of ﬁ,’}, an approximation of uﬁ“. The computation of iy is based on the finite difference
discretization of

aeli(t, x) = A(x, [dxu]). (4.19)
The backward-Euler method is applied in time to ensure the stability of the scheme. Denote u" := (afl, i, ...,ﬁ’,}x)T and
define

it = g uf, &), (4.20)

where the function g(-, -) is defined in (4.15). Then, the scheme works as follows

14
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U, —u
At

where Ak(f),’j) is the leading eigenvalue of the matrix Mk(f]l’(‘).

Intuitively, the solution of equation (4.19) differs from the solution of (4.8) by a function of time, which is independent
of x. As a result, uZ'H can be obtained from uk by adding a constant which will be determined later for the mass 1
normalization.

The following lemma shows that the scheme (4.21) is an unconditionally monotone scheme.

= Ak(i) = A(g( . 85 0)). ke [0, K] h>0, (4.21)

Lemma 4.1. The scheme (4.21) is a monotone scheme for any At > 0.

Proof. On the one hand, u” can be viewed as a function of @" via (4.21). Differentiating both sides of (4.21), we get

dul ant  oul i duh amn
Tk g AA G, e~ ArAl( ,<) Lk AL (4.22)
duy 3”1< 3“k7 THER 1T Ut
_p s
Noticing that A} (1) >0, >0 and 022" - 32’,?" < 0, the tridiagonal Jacobian matrix J,» is an M-matrix for
cil k-1 k+1

whatever At > 0, which 1mp11es that Ju“ ex1sts and all its elements are non-negative.

On the other hand, for each u", there exists a unique solution @", where the existence and uniqueness of the solution
will be proven later in Lemma C.1. Therefore, @" can be viewed as a function of u" as well, whose Jacobian matrix,

Jan (") = [ @177, (4.23)

i

W
=

|x-

is a matrix with all elements non-negative. In other words, we have > 0 for any k,k € [0, K], which means that the

w
=

u
scheme (4.21) is a monotone scheme. O

Step 1b: Practical computation of ﬂ,’j. Iterative techniques will be used to solve the implicitly formulated equation (4.21).
However, it is difficult to solve (4.21) directly since there is no explicit formula of the function Ag(n). As an alternative, we
update Ak(nh“) first and then compute ﬁz via (4.21). Following a similar procedure as in Appendix B, we get the following

linear system for A(nf ™),
K
a 1
1=1-m+mpy )Aa b(aj, x) k € [0, K], (4.24)
k ; ! l_[ 1+ Aa(d(as, x) + Ar(ih)’ "
where
it = gy ul + Atsy Ap(il), 5 ul + AtsT AL, (4.25)

by combining (4.14) and (4.21). Then, iterative methods, such as the Newton method, can be applied for the system
(4.24)-(4.25) to solve Ag(ni™).

For completeness, here we present the detailed Newton’s method for solving the system (4.24)-(4.25). For simplicity of
notations, we introduce

A0 =@y Al A eq, (4.26)

where Q :={A € RX*1|1 4 Aa(d(as, x) + Ag) > 0, k € [0, K]} is the feasible set of A, and introduce the functions Y}(A),
where k € [0, K], to be the right-hand side of (4.24). Then, the system (4.24)-(4.25) can be rewritten as

YL =1g,41, (4.27)

where 1,41 =(1,1,..., DT e RS and YI) = (Y§ ), YT V), ..., Yg )T € RH1. The Jacobian matrix Jyr, which is
defined as

oyl avhr  avh ayl
dAg IAq AL e IAKy
avh o avh o ayh ayh
dAg IAq A2 e IAKy

Jp(A) = e ]R(Kx-&-1)><(’<x+1)7 (4.28)
h ayh h h

ovh - avk o avh vl

L 9Ao EN dA; Tt Ak

15
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is tridiagonal, where all non-zero elements can be explicitly computed, and strictly diagonally dominate with negative
diagonal elements, which implies that its inverse [Jyn (M)]7! exists everywhere with all elements non-positive. Then, we
update an intermediate solution A® via

AED =20 4 1 A A = YD), 1> 0, (4.29)
Y’ X

and the detailed Newton’s method works as follows. It will be shown in Appendix C that the sequence {A} will converge
to the desired solution.

Algorithm 1 Newton'’s iteration for solving the system (4.24)-(4.25) (or equivalently (4.27)).

1: For each n>1 and k € [0, K], compute A,((O) such that (1 — m)Sk(A,((O)) =1
210,09 AP AP AT

3: while |1k, 41 — YA P) = > tolerance do

40 AT A0 4y AT Ak — YT AO)Y)

5. l<Il+1

6: end while

Remark 4.1. There is no need to compute [Jyn (M171 in Algorithm 1. Instead, we can evaluate the part Uyn a1 Kbl —
YA D)) as a whole via the Tridiagonal matrix algorithm (TDMA), which is much more computationally efficient.

Step 2: Update Q" := (q W € RXaxKx hased on the finite difference discretization of (4.10). Again, the stiff terms must be treated
implicitly to ensure the stablllty of the scheme.

qﬁl_q)k - h+1
e+ 4, q] X er(a,,xk)q],< =—Ak(n,<)q,,<,
Kq
h+1 h+1
qp3' =(1—m)Aa) b(aj, x)q"}
= (4.30)
L gz~
mAz Z W(Z) AaZb(aJ,xk—ez,)q’]”;1 o | Mem e,
I=—K;, j=1

5 ~h h+1
where & = ¢Az/Ax and u;_ uk and Tzl

e (th+1,aj, X, — €21), respectively, and the new weights wlz) for | € [—K,, K;] are defined as

W@
w@ - Wi 0,
o law, ifl=o0

are the numerical approximations of ug(thy1, Xk — €2)) — Ug(tht1, X¢) and

(4.31)

Here we assume q¢(t, -, -) is constantly 0 outside the computational domain (0, M)2.

A simple way to evaluate 1]2_~l uk and q] k 5 1s via linear interpolation. When 0 < ¢ < KZA%, we have k — &l e [k —
1,k + 1] for all | € [—K,, K,]. Therefore,
h+1 4+ h+1 4~
hel Tk —£z5 Tk » b n —£7,6 uk, for — K, <1<0,
Tjk—21 = | h+1 ~ ht Up_g — Ug = (4.32)
’ Tk — £218, Tk —8218;uk, for 0<I<K,.

Then, the boundary condition in (4.30) can be reformulated as

Ka
h,( h, (-1 h,(1
doi! =1 —mAad b x)q" " +mAa Z(c] O+ P+ VLD, (433)
j=1 j=1
where the coefficients can be explicitly computed as
O = AZZ w®( - —) [b(aj, Xi — £21)Mje % U
1=0

+h(@, 5+ £2)M e ] > 0, (434)

and

16
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h,(—1

Gl Pl AZZ (Z)—b(a;,xk—ezz)Mze 28T . 0, (4.35)
=0

715]) = AZZ W(Z)—b(a], X+ ez)M_ z>€z"3* i >0, (4.36)

Similarly, when & > -2% | the boundary condition in (4.30) can be proved to be of the form

KAz’
Kq Kq Kx—
h,(
qoy' =1 —m)Aa) blaj, x)q} +mAa) Z g (4.37)
j=1 j=11=—k

h, (l) h, @)

>0 for all j € [0, Ka], k € [0, Ky]. I € [k, Kx — k] and h > 0. The nonnegativity of the coefficients C;,” comes
P h+1
from the fact that q’”1 ., is obtained by the linear interpolation of Q"*!, which implies that g;" > 0 holds true for all

where C

h+1
J.k

jje [0, Kq] and k, ke [0, K«]. The explicit formula for the coefficients is omitted here for brevity.

Remark 4.2. Unlike the case without mutations, now we no longer have the same maximum principle of g on both the
discrete and continuous level because of the coupling in the x-direction that appeared in the boundary conditions.

Step 3: Compute u"*1 via normalization. For each k € [0, K]}, we define

h 1 ~ h
wptt =iy — ALY, (4.38)

where L" is the normalization constant making sure that I(N"*1) =1 with N"*! defined in (3.4). The constant L" can be
computed explicitly as in (3.19), i.e.
=" 1n (Iz(Qh+1 oV )) (4.39)
At
ah
where v := (vI)T € Rf++1 with vl = e, and the operator o denotes the generalized Hadamard product defined in (3.20).
Similar to the case without mutation, we can then reformulate the scheme (4.38) to be a more robust one

utt =i — @ — e n (12Q" o), (4.40)

where ¥ := v “I’\l is the normalized vector in the sense |||~ = 1.
4.3. Asymptotic preserving (A-P) property

Due to the lack of the maximum principle of Q"*!, we can only formally verify the A-P property of the schemes
proposed in Section 4.2. Assuming Q "*! is bounded, the limiting scheme for u can be derived similarly as in Theorem 3.2.

As for the limiting scheme for Q", it is enough to consider the case 0 < & < 2%, where the updating scheme (4.30) becomes
aji h+1 h+1
ettt + 67 qh T+ diag, x0di ! = —AhalE!
Kq
qg-ﬁl-cl — (-1 _ m)Aa Zb(a]’ Xk)qh+1 (441)
j=1
K h.(0) h+1 h,(=1) _h+1 h, (1) h+1
mAaZji](Cj’k qj’k +C]k q]k 1+C ]k+1)
where the positive coefficients Ch D Cl; ,50) and Ch D are defined in (4.34)-(4.36). Obviously, by taking & — 0, we have
h,(1 h,(—1 h,
llm C] ,E ) = 11m c; ( ) =0, llm Cy. ( )_b(aj,xk)n,i‘“, (4.42)

where r]h+l = f]’,: is defined in (4.20). Therefore, by formally taking the limit € — 0 in the scheme (4.41), we get the limiting
scheme
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STat +da), x0dT = — A THa

j.k ik
Ka
qg‘,tl =(1- m)AaX:b(a],xk)qthl —|—mAaX:b(aj,xk)r;h‘H }]”,;] (4.43)
j=1 j=1
=1 —m+mnTHAa Y biaj, x4}

It is easy to check that the limiting scheme (4.43) is indeed the direct finite difference discretization of the limiting equation
for g (4.12) at t =tpyq.

5. Numerical experiments

We illustrate the performance of the scheme and its A-P property with extensive numerical experiments. In particular, we
focus on the case without mutations, where the concentration of the normalized population is more clear both theoretically
and numerically. We show the efficiency and accuracy of the proposed scheme by comparing it with the standard explicit
scheme, which solves the equation (2.1) directly. The case with mutations will be studied as well at the end.

5.1. Case without mutations

For the numerical test, we choose

b(a x)—max{l_(a_z)z o} d(a, ) = 0.50 + 10(a — (x)+)2 (51)
5 - l+(X)+ ) ) ) — U. +/)4 .
where (x) := max{x, 0}. Here, we choose the initial data
X—0.. 2
(0, a, x) = e~0-8a— 5> (5.2)

and the computation domain of (a,x) to be Q2 = (0,5) x (0, 5). Obviously, the birth rate function is uniformly compactly
supported in the interval (1, 3) in the a-direction and the death rate function satisfies the assumptions as well. As shown in
Fig. 5.1, the concentration of the normalized population in the x-direction will be more and more obvious as time progresses.

To begin with, we confirm that our method (3.15)-(3.23) does solve the original equation (2.1) correctly by comparing it
with a standard implicit discretization of the equation (2.1), i.e

A1 _gh

k k —=h+1 h+1 hzh+1 .
8; ", +3 ik —|—d(a],xk)n]k =-\"n Mk i€, Kd,
fh+1 (5.3)
OJIrc _Aazb(al’xk)n] k>
j=1
where ﬁ?’k is the numerical approximation of fi(ty, aj, x), j € [0, Ka], k € [0, Kx], h > 0, and M is a constant making sure
that
Ko Ky
AanZZW(X) ?k = (5.4)
j=1k=

For numerical experiments, we fix € =0.01 and do the computation until ¢t = 1. Though the implicit scheme (5.3) is stable
with large time steps, a small time step is still necessary for accuracy reasons. Here, we choose At =10"* for the scheme

12
Evolution Time|
10 s
- - t=20

S gl 1=50
= — =200
&
= 6
=
= ar

2 -

0

1.4 1.6 1.8 2 2.2 2.4

Fig. 5.1. With ¢ = 0.1 fixed, we observe sharper concentration as time progresses.
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Fig. 5.2. Comparison of the normalized population density f(t,a,x) computed via a direct implicit scheme (left column) or via the A-P scheme (right
column). For the implicit scheme, we choose At =10"* and Ax = 0.05, while for the A-P scheme, we choose At =10""! and Ax = 0.5. (For interpretation
of the colours in the figure(s), the reader is referred to the web version of this article.)

(5.3) under a mesh Aa = Ax =0.05, which is fine enough for the direct scheme to catch the concentration of the normalized
population in the x-direction during time. For our scheme (3.15)-(3.23), we apply At =101 and choose a coarse mesh in
the x-direction with Ax = 0.5 and the same mesh in the a-direction, i.e. Aa = 0.05. Then, the solution can be accurately
reconstructed on the fine mesh via an accurate interpolation, such as the spline interpolation. Fig. 5.2 shows the normalized
population computed via the two methods at time t = 0.1 and ¢ = 1. As shown in the figure, the numerical solutions
computed in two different ways are almost identical, which indicates not only the validity of our scheme (3.15)-(3.23), but
also the efficiency since a much larger time step and an e-independent mesh can be applied.

Fig. 5.3 shows the accuracy of Q", u and N" in the a- and the x-direction. Here, we don’t do any interpolation in the x-
direction. A roughly first-order accuracy in the a-direction can be observed, which is consistent with our expectations since
the upwind method, which is only first-order accurate, is applied for the derivatives in (3.15). The accuracy in x-direction
is second order, which is consistent with our expectation as well since the system is completely decoupled in x-direction
and the second order accurate quadrature rule is applied to the numerical integral in (3.17) for normalization. Moreover,
Q" seems to converge as £ — 0T, which is consistent with Theorem 3.2.

One of the great advantages of our scheme (3.15)-(3.23) is that we can easily capture the concentration of the normalized
population in the x-direction with a coarse mesh. Since both the functions q¢(t, a, x) and u(t, x) are regular an interpolation
of Q" and u" computed on a coarse mesh can help accurately reconstruct the normalized population N on a fine mesh.
Fig. 5.4 shows the accuracy with different interpolation methods. Obviously, the spline interpolation seems to be a good
choice. Fig. 5.5 compares the interpolated normalized population with the ‘exact’ one. Here we apply the spline interpolation
in two ways. One way is to apply the spline interpolation for both u" and Q" as mentioned before, and the other way is
to apply the spline interpolation for N directly. As shown in the figure, the direct interpolation of N would fail when
the mesh is coarse while the interpolation performed on u" and Q" always works perfectly to catch the concentration.
It implies that the WKB representation (3.3) plays an essential role in our A-P scheme, which enables us to use a coarse,
probably e-independent mesh in the x-direction to accurately capture the solution, and thus makes our A-P scheme efficient.

Another great advantage of our method is that our scheme is unconditionally stable and the numerical solutions at
some fixed time T converge extremely fast as At — 0T when T > ¢, which is somewhat surprising since we applied the
backward Euler method, which is only first-order accurate, in our scheme (3.15). Fig. 5.6 shows the comparison of the
numerical solutions computed via our scheme (3.15)-(3.23) with a fixed mesh size Aa = Ax=0.01 and different choices of
the time step At. The ‘exact’ solution is assumed to be the one computed with At = 0.1. The exponential decay of temporal
errors for both Q" and N" indicates the efficiency and accuracy of our scheme. Besides, Fig. 5.6 compares the numerical
errors among different choices of ¢. It can be observed that both Q" and N" are more accurate with a smaller ¢ when At
is large. When At — 0, the numerical errors of Q" will reach the same level while N" will be more accurate with a larger
&. The numerical observations are consistent with our intuition. In fact, since q.(t, a, x) — N(a, X) in the limit € — 0, after
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Fig. 5.3. Accuracy of Q (left), u (middle) and N (right) at time T =1 with fixed At =1073. The figures on the first row show the accuracy in a-direction,
where we choose Ax =0.01 and the ‘exact’ one computed with Aa =0.001. The figures on the second row show the accuracy in x-direction, where we
choose Aa=0.01 and the ‘exact’ one computed with Ax=0.01.
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Fig. 5.4. Numerical accuracy of the normalized population N, which are computed via the WKB representation (3.3) with Q and u computed on a coarse
mesh in x-direction and then interpolated onto a fine mesh via different methods. Here we choose T =1, ¢ =0.1 and At = Aa=0.01.

discretization in a- and x-direction and with a fixed time step At, the numerical solution Q"M also has a limit since our
scheme is A-P, which implies the numerical error of Q" would vanish in the limit. In other words, the numerical solution
Q" is more accurate with a smaller ¢ when At is relatively large. Similarly, N is also more accurate with a smaller & when
the time step is relatively large since Q" is more accurate and ug can be solved almost exactly. However, N" will be less
accurate with a smaller & when the time step is extremely small since the numerical errors of u" and Q" among different

. . . . (.0
values of ¢ are roughly of the same order and thus the amplification effect of the singular exponential term e could

be dominant.
5.2. Case with mutations

Now we apply our method to the case where the mutation effect is included. The mutations between different traits
prevent the normalized population to converge to a multiple of the Dirac function in the x-direction. In our model, two
parameters, i.e. m and &, are applied to describe the mutation effect. Intuitively, the parameter m measures the frequency
of the mutations and the parameter & measures the effect of mutations on the phenotype of new-borns. Fig. 5.7 shows the
effect of the two parameters on the normalized population. Obviously, the concentration of the normalized population will
be less obvious with a stronger mutation effect, i.e. when m and ¢ are large.
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Fig. 5.5. Comparison of the reconstructed solutions f0°° n(t,a,x)da at T =20 with the ‘exact’ one. Here we choose ¢ = 0.01, At =0.5, Aa =0.02 and
compute the ‘exact’ solution on a fine mesh with Ax =0.001. The reconstructed solutions are firstly computed on a coarse mesh and then interpolated
onto a fine mesh with the spline interpolation method (‘sp-interp.’). The left figure and the right figure show the solutions computed on coarse meshes
with Ax=0.25 and Ax = 0.025, respectively. Here we do the interpolation in two ways: either we interpolate N directly or we interpolate Q and u and

then reconstruct N via (3.3).
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Fig. 5.6. For case without mutations, the figures show convergence error ofNQ (left) and N (right) under the I;-norm at time T = 64 with different choices
of ¢ and of the number of time steps T/At. The ‘exact’ solutions Qex and Nex are chosen to be the ones computed with the same mesh and an extremely

small time step.
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Fig. 5.7. lllustration of the mutation effect parameterized via ¢ and m.

As in the case without mutations, we can rebuild accurately the solution on a fine mesh in the x-direction via a high-
accuracy interpolation method as long as we evaluate SfAk(ﬁ,’}) in (4.25) in a more accurate way and replace the linear

interpolations of q’]”,;l_sl and ﬁ,’:f;, (4.32) by the corresponding high-accuracy interpolations. Unlike the linear interpolation
case, where the system (4.30) is linear and the matrix can be formulated explicitly, the system now becomes nonlinear. One
simple way to solve the system is via an iterative semi-implicit solver, where the mutation part in (4.30) is treated explicitly
while all the other parts are treated implicitly as before. Fig. 5.8 shows the accuracy of the normalized population N, which

are interpolated in different ways in the x-direction. As shown in the figure, we observe that we can use few points in the
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Fig. 5.8. The left figure compares f0°° n(t,a,x)da at T = 20. Here we fix ¢ = 0.1 and m = 0.5. The interpolated solutions are computed on a coarse mesh
with Ax =0.25 while the ‘exact’ solution is computed on a fine mesh with Ax =0.01. Again, we do the spline interpolation (sp-interp.) in two ways — on
N directly or on Q and u, separately. For numerical efficiency, here we choose At =0.5 and Aa = 0.02. The right figure shows the order of accuracy at
T =1 of two different interpolation methods in x-direction with At = Aa=0.02.
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Fig. 5.9. For case with mutations, the figure shows convergence error of N under the [;-norm at time T = 64 with m = 0.5, Aa = 0.05, Ax = 0.001, and
with different choices of & and of the number of time steps T/At. The ‘exact’ solutions Qex and uex are chosen to be the ones computed with the same
mesh and a small time step At =0.1.

x-direction to accurately rebuild the solution on a fine mesh and the spline interpolation obviously benefits from the high
accuracy.

Fig. 5.9 shows the temporal accuracy of the normalized population N at T = 64. Unfortunately, we no longer have the
spectral convergence in time as shown in Fig. 5.6, where no mutation effect is considered. It is due to the fact that the
eigenpair (Ag(nx), ng(nk)), where k € [0, Nx], now depends on time, which indicates that we can no longer evaluate the
integral

th41
f Ar(M[oxuelx=x,1) ds (5.5)
th

exactly to accurately approximate u.. Though the first order accuracy is expected since the backward Euler method is
applied in the schemes (4.21) and (4.30), Fig. 5.9 shows a nearly second order accuracy in time. Besides, Fig. 5.9 shows
that the normalized population will be less accurate with a smaller &, which is reasonable since the inaccuracy of the
approximation of the exponent u,(t, x)/¢ dominates the error.

6. Conclusion

We have presented an asymptotic preserving (A-P) scheme for capturing concentrations arising in the adaptive dynamics
of an age-structured population. A proper WKB representation of the solution, which can exactly describe the asymptotic
behaviour of the solution in the case without mutations, was adopted to derive our scheme. Important properties of the
scheme, including the A-P property, have been rigorously proved for the case without mutations. Moreover, extensive nu-
merical experiments have been presented to show the robustness and efficiency of our scheme. In particular, we found that
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the concentrations on some particular phenotypical traits can be accurately captured with a rather coarse mesh and a nearly
spectral accuracy in time can be observed.

Then, we generalized our scheme to the case with mutations. Though complicated, we showed in detail the efficient
and stable way to update the solution in each step. The A-P property was formally shown for the case with mutations.
Numerical experiments showed that, though we lose the spectral accuracy in time, we can still rebuild an accurate solution
on a mesh with much fewer grid points in the phenotype space compared to the direct solver.
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Appendix A. Reformulation of (3.7) and (4.17) with matrices

Define the parameter-dependent matrix My(7n) to be

_al,k - El,k —Bz,k _BB,k _BKafl,k _BKa,k_
- da x 0o ... 0 0
0 -L 4 0 0
My (1) = . Aa 3K . e (A1)
0 0 0 ... dg,_1x 0
0 0 0o ... - di,k

where Bj,k = (1 —-m+mn)b(aj, x,) and fij,k = ﬁ +d(aj, X). Then, the equation (3.7) can be reformulated as

Miny = — Any, (A2)

where My := My(1) and (— A, ny) is the leading eigenpair of the matrix M. Similarly, the equation (4.17) can be reformu-
lated in the same form by replacing My in (A.2) by Mi(n}).

Appendix B. Fast computation of the eigenpair (A, ny)
For each k € [1, K], we get the following relation by solving the first equation in (3.7) directly
! 1

Njj= N
Jok H 14 Aa(d(as, x¢) + Ag)

s=1

0,k- (B-l)

As a result, we only need to solve Ay and Ng .
Substituting (B.1) into the boundary condition in (3.7) and then cancelling out Ng on both sides of the equation, we get

Kq J

1= AaZb(aj,xk)

j:l s=

1

, kel0, K. B.2
L1+ Aa(d(as, xi) + Ax) [0, K] (B.2)

Noticing that the right-hand side of the equation is monotone decreasing from oo to 0 over the feasible set , equa-
tion (B.2) has a unique solution inside € (3.14). Combining the normalization condition for n, in (3.7) and relation (B.1),
we can further get
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1

@ Ko @ 17J 1 '
Aa[wo +250 Wy Tl 1+Aa<d<as,xk>+Ak>]

Similarly, if we denote ¢;  =r; ok, then the first equation in (3.12) indicates that the coefficients {rj,} can be com-
puted recursively in the backward direction as

Nox = (B.3)

rjk+ b(aj, X)) Aa
1+ (d(aj, x) + A Aa’
Then rox =1 is exactly equation (B.2). The normalization condition in (3.12) implies that
1
A Ko N+ :
aZ]’:1 jkTj—1.k

As a remark, the recursion (B.4) in the forward direction will fail due to numerical instability.

Tkek =0, Tj_1x= (B.4)

¢O,k -

Appendix C. Properties of the sequence {1} in Algorithm 1

A direct observation regarding sequence {A '} is that, for any I > 0, we have
YO) > 140 (&)

In fact, when [ =0, the conclusion holds true due to the non-negativity of f,f’ (A). When [ > 1, using relation (4.29) and the
fact that Y,’j (L) is convex, we have

YA =¥ D) + I a0 -2 D) =150, (C2)

With this observation, we can further show the convergence of the sequence {A(’}. The result is summarized as the
following lemma.

Lemma C.1. The sequence {, "'} computed via Algorithm 1 converges. To be more precise,

lim A0 =2~ (C3)

[—o0
for some vector A*, which is the unique solution of the nonlinear system (4.27) in the admissible set .
Proof. On the one hand, the sequence {A(} is non-decreasing in the sense
(I+1) 0
Ay > A, kel0, Ky, (C4)

since each element of [Jy»(A’)]~! is non-positive and Y*(A?) > 1y ¢ (C.1).
On the other hand, we claim that, for each n > 1, there exists some bounded domain Q" such that (A0} c Q. For any
given vector A, denote k the index such that

Ap =M - (C5)
As a result, 8, Ay > 0 and 6X+A,-( <0, which implies that

i < g6 uf. 5 uf) < gmin{s; ). max(s} up)). (C6)
where the last bound is independent of k. Therefore,

Y <[1—-m+ mg(mkin{a,juﬂ}, ml?x{8ju;}})]sl-<(A,;). (C7)

Obviously, the right-hand side of (C.7) goes to 0 as Aj — oo, which indicates that there exists some number RM such that
y,l:(x) <1if Aj > R" (or equivalently [All > R"). Now, we take Q" = {A||[All= < R"} N Q. Then the fact (C.1) implies that
A0y cQh.

As a result, there exists a limit A* of the sequence {A(’} in €. It is easy to see that A* is the solution of system (4.27)
by taking the limit | — oo in (4.29). Assume that there exists another solution 1", then we must have

YA =Y +Jpn (DA =15 (C.8)

for some X € . Since Y*(1") = Y"(1*) =1k, and the matrix [Jy: (A)]~"! exists everywhere, we must have A" = A*, which
immediately implies the uniqueness of the solution. O
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b(a, x),d(a, x)

m

M)

[40)

Ag (£)

ne(t, a, x)

Ue(t, X), qe (¢, a,X)
(A(x), N(a,x))
(A(x), P(a,x))
u(t,x),q(t,a,x)

Table D.1

List of notations.
t time
a, x age and phenotypical trait of individuals
neg(t,a, x) population density

birth rate and death rate functions

proportion of births with mutations

probability density measuring mutations on the phenotype

total population at time ¢ defined as [° [;° ne(t, a, x) dadx

bulk growth rate

normalized density population defined as ng(t, a, x)/pg (t)

an WKB representation of fi. (t, a, ), i.e. ig(t,a,x) = ewqS (t,a,x)
associated eigenvalue and eigenvector defined in (2.4)

eigenvalue and eigenfunction of the dual eigenproblem (2.5)

limits of ug(t,x),qe(t,a,x) as € — 0F

[Kq, K2] the set of integers between K; and K3, i.e. [Ky,K2]NZ

th,aj, Xk th =hAt, aj = jAa, X, =kAx

u,':, q’j’.‘k numerical approximation of u(ty. X) and qe(ty, a;, X;), respectively
h
ul

ﬁ'}'k numerical approximation of i, (tn, a;j, x¢) defined as ﬁ’}'k = q’}vkeTk

,0,’(‘, LQ numerical approximation of pg (tp, X¢) and i¢(t), respectively

(Aks Njg) numerical approximation of (A (xy), N(aj, X))

(Aks Djk) numerical approximation of (A (xy), ®(aj, X))

u ng, A, By collection of ufl, Nj k. Ak, ¢; . respectively, as vectors

Qh Nh collection of q’}'k, ﬁ?,k' respectively, as matrices

a parameter defined in (4.5) as [0 M (z) e 2% gz

numerical approximation of 7[dxus1(th, Xk)

1 = 1[0xUe](t, X)

U
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