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Abstract
We propose and compare numerically spatial/temporal resolution of various efficient numer-
ical methods for solving the Klein–Gordon–Dirac system (KGD) in the nonrelativistic limit
regime. The KGD system involves a small dimensionless parameter 0 < ε � 1 in this limit
regime and admits rapid oscillations in time as ε → 0+. By adopting the Fourier spectral
discretization for spatial derivatives followed with the time-splitting or exponential wave
integrators based on some efficient quadrature rules in phase field, we propose four different
numerical discretizations for the KGD system. The discretizations are all fully explicit and
valid in one, two and three dimensions. Extensive numerical results demonstrate that these
discretizations provide optimal numerical resolutions for the KGD system, i.e., under the
mesh strategies τ = O(ε2) and h = O(1) with time step τ and mesh size h in terms of
ε, they all perform well with uniform spectral accuracy in space and second-order accuracy
in time. In addition, the ε-scalability of the best method is improved as τ = O(ε), which
is much superior than that of the finite difference methods. For applications, we profile the
dynamics of the KGD system in 2Dwith a honeycomb lattice potential, which depend greatly
on the singular perturbation ε and the weak/strong interaction.

Keywords Klein–Gordon–Dirac system · Nonrelativistic limit regime · High oscillation ·
Yukawa interaction · Optimal resolution · Time-splitting technique · Exponential wave
integrator

Mathematics Subject Classification 35Q55 · 65M70 · 81Q05

1 Introduction

In quantum electrodynamics, the Klein–Gordon–Dirac system (KGD) represents the time-
evolution of fast (relativistic) electrons and positrons within external time-dependent
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electromagnetic fields which coupled with a meson field through the Yukawa interaction
[14,17,20,37]. The dimensionless KGD system in d-dimensions (d = 1, 2, 3) reads

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ε2∂t tφ(t, x) − Δφ(t, x) + 1

ε2
φ(t, x) = gΨ ∗(t, x)βΨ (t, x),

i∂tΨ (t, x) +
[
i

ε

d∑

j=1
α j∂ j − ω

ε2
β − ω

(

V (t, x)I4 −
d∑

j=1
A j (t, x)α j

)]

Ψ (t, x) = gφ(t, x)βΨ (t, x),

(1.1)

with the initial data given as

φ(0, x) = φ0(x), ∂tφ(0, x) = 1

ε2
γ (x), Ψ (0, x) = Ψ 0(x)

= (ψ0
1 (x), ψ0

2 (x), ψ0
3 (x), ψ0

4 (x))T , (1.2)

where the unknowns φ := φ(t, x) ∈ R and Ψ := Ψ (t, x) ∈ C
4 (t > 0, x ∈ R

d ) present the
real-valued scalarmesonfield and the complex-valuedDirac vector ‘spinorfield’, respectively.
V := V (t, x) is the real-valued electrical potential, A j (t, x)(1 ≤ j ≤ d) are the real-valued
magnetic potentials, 0 < g ∈ R is the coupling constant, 0 < ω ≤ 1 is the ratio between
the mass of the electron and the mass of the meson, 0 < ε ≤ 1 is a dimensionless parameter
inversely proportional to the speed of light and the functionsφ0(x),γ (x) ∈ R andΨ 0(x) ∈ C

4

are independent of ε. Here, i = √−1 is the imaginary unit, ∂ j = ∂/∂x j (1 ≤ j ≤ d) are
the spatial partial derivatives and Δ = ∑d

j=1 ∂2j is the Laplace operator in d-dimensions. In

addition, Ψ ∗ = Ψ
T
is the conjugate transpose of Ψ , α j and β are 4 × 4 matrices given as

α j =
(

0 σ j

σ j 0

)

, j = 1, 2, 3, β =
(
I2 0
0 −I2

)

, (1.3)

with In being n × n identity matrix for n ∈ N and σ j ( j = 1, 2, 3) being the Pauli matrices
given as

σ1 =
(
0 1
1 0

)

, σ2 =
(
0 −i
i 0

)

, σ3 =
(
1 0
0 −1

)

. (1.4)

The above KGD (1.1) plays a fundamental role in quantum electrodynamics with wide
applications in Hawking radiation and also appears in the Yukawa models for describing the
nuclear force between nucleons [14,26,30,35,37]. Theoretically, the KGD (1.1) has gained
a surge of attentions in the literature [1,15,16,18,19,23,24,34,36] and references therein on
the existence and multiplicity of global existence, bound-state solutions and steady state
solutions and well-posedness of the Cauchy problem. When the electromagnetic potentials
are time-independent, i.e. V (t, x) = V (x), A j (t, x) = A j (x) for 1 ≤ j ≤ d , the KGD (1.1)
is dispersive, time symmetric and conserves the total energy which is defined as

E(t) := ε2

2

∫

Rd
|∂tφ(t, x)|2dx + 1

2

∫

Rd
|∇φ(t, x)|2dx + 1

2ε2

∫

Rd
φ2(t, x)dx

+
∫

Rd

[
i

ε
Ψ ∗(t, x)

d∑

j=1

α j∂ jΨ (t, x) − ω

ε2
Ψ ∗(t, x)βΨ (t, x)
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− gφ(t, x)Ψ ∗(t, x)βΨ (t, x)
]

dx − ω

∫

Rd
V (x)|Ψ (t, x)|2dx

+ω

d∑

j=1

∫

Rd
A j (x)Ψ ∗(t, x)α jΨ (t, x)dx, t ≥ 0. (1.5)

In addition, in lower dimensions (d = 1, 2), two components Dirac vector fields are usually
employed and well-known in the (nonlinear) Dirac equation/system cases [4,6,17,40], and
the KGD (1.1) can be reduced to

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ε2∂t tφ(t, x) − Δφ(t, x) + 1

ε2
φ(t, x) = gΨ ∗(t, x)σ3Ψ (t, x),

i∂tΨ (t, x) +
[
i

ε

d∑

j=1
σ j∂ j − ω

ε2
σ3 − ω

(

V (t, x)I2 −
d∑

j=1
A j (t, x)σ j

)]

Ψ (t, x) = gφ(t, x)σ3Ψ (t, x),

(1.6)

where φ ∈ R and Ψ ∈ C
2. This form is widely used in 1D and 2D, due to its simplicity.

For the numerical aspects of the KGD (1.1) [or (1.6)], the numerical approaches proposed
in the literature are limited. In our recent work [17,40], four conservative/non-conservative
implicit/semi-implicit/explicit finite difference time domain methods (FDTD) have been
analyzed for the KGD (1.1) [or (1.6)] with free electromagnetic potential. However, the
Crank-Nicolson method (CNFD) is fully implicit and depends on a direct solver or an iter-
ative solver which is quite time-consuming, while the other FDTD methods naturally suffer
from stability problems with strong CFL-type constraints. Moreover, in the nonrelativistic
limit regime, there exist highly oscillatory waves with wavelength at O(ε2) in time [17].
The temporal oscillatory structure of the solution (φ(t, x), Ψ (t, x)) causes severe numerical
burdens in practical computations. Even for the stable numerical discretizations (or under
stability restrictions on meshing strategies), the approximations may come out completely
wrong unless the temporal oscillation is fully resolved numerically. We have proved the
discrete-H1 error estimates of the FDTD methods in the nonrelativistic regime by employ-
ing the energy methods and cut-off technique [17], which suggest that the meshing strategy
requirement (ε-scalability) of the FDTD methods should be

τ = O(ε3) and h = O(
√

ε).

They are under resolution and much time-consuming as ε → 0+. To illustrate the
oscillatory structure further, Fig. 1 shows the solutions in 1D for different ε, obtained
numerically on a bounded interval [−32, 32] with φ0(x) = e−x2/2, γ (x) = 3

2e
−x2/2,

Ψ 0(x) = (e−x2/2, e−(x−1)2/2)T , V (t, x) = (1− x)/(1+ x2), A1(t, x) = (x + 1)2/(1+ x2)
and periodic boundary conditions (real( f ) denotes the real part of f ).

Since the nonrelativistic limit behaviour of the KGD system is largely unknown, a dis-
cretization that performs well, which allows largest possible time step and mesh size for
a given ε, is of great importance for the investigation and prediction of the dynamics and
the wave interactions of the KGD (1.1) [or (1.6)]. It is well known that the time-splitting
Fourier pseudospectral method (TSFP) and exponential wave integrator methods (including
the Gautschi-type/Dauflhard-type integrator Fourier pseudospectral method (GIFP/DIFP))
have many superior properties for integrating wave-type differential equations and are well
illustrated and applied in [3,9,10,25,27–29,31,33,39,41] (and references therein). Bao et al.
[8] proposed a GIFP method for the (nonlinear) Klein–Gordon equation and verified that
its ε-scalability is optimal with τ = O(1) and τ = O(ε2) for the linear and nonlinear
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Fig. 1 The solutions φ(t, x = 0) (left) and ψ1(t, x = 0) (right) for different ε

cases, respectively. Then Dong et al. [22] numerically showed that the ε-scalability of the
TSFP method for the nonlinear Klein–Gordon equation could be improved as τ = O(ε) and
h = O(1). They proved that the TSFP method is equivalent to the DIFP method for tempo-
ral approximations of the nonlinear Klein–Gordon equation by choosing the same starting
values. While for the Dirac equation, Bao et al. [5] compared and analysed several numerical
methods including the TSFP method and a symmetric exponential wave integrator Fourier
pseudospectral method (sEWI-FP). Furthermore, they adopted another EWI-FP method for
solving the nonlinear Dirac equation [6]. This method is asymmetric in time, but more stable
than the sEWI-FP method. The results showed that the ε-scalability of the EWI-FP/sEWI-FP
method is τ = O(ε2) and h = O(1) for the (nonlinear) Dirac equation. In addition, under
suitable choices of the time step, the TSFP method whose ε-scalability is τ = O(ε) and
h = O(1), performs much better. For more recent progresses made on this topic, we refer to
[4,7,11–13,32] and references therein. However, the nonlinear interaction terms bring new
challenges for the implementations and mathematical analysis of the numerical methods.
There is no clue to the performance of these two-types of approaches for the KGD (1.1) [or
(1.6)], especially in highly oscillatory regime. The main purpose of this article is to inves-
tigate numerically the performance of these approaches with special attentions paid to how
the convergence is affected by ε, and propose new numerical methods whose ε-scalability is
optimal for both time and space in view of the inherent oscillatory nature for the KGD (1.1)
[or (1.6)]. The key ingredients of these approaches are: (i) applying the Fourier pseudospec-
tral discretization for the spatial derivatives and, (ii) adopting a time-splitting technique or
exponential wave integrators based on some efficient quadrature rules for integrating the
KGD (1.1) [or (1.6)] in the phase space.

This paper is organized as follows. In Sect. 2, we present the EWI-FPmethod for the KGD
(1.6). Then, Sect. 3 is devoted to proposing the TSFP-type methods for the KGD (1.6). In
Sect. 4, we show and compare the spatial/temporal resolution of four efficient discretizations
for the KGD (1.6) within two special potential field cases, and profile the dynamics of the
KGD system in 2D with a honeycomb lattice potential. Some concluding remarks are drawn
in Sect. 5. Throughout this paper, we use p � q to represent that there exists a generic
constant C which is independent of τ , h and ε, such that |p| ≤ Cq .
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2 Exponential Wave Integrator Discretization

In this section, inspired by the ideas in [6,8,41], we propose an exponential wave integrator
Fourier pseudospectral method (EWI-FP) for the KGD (1.6). The approach is based on the
application of the Fourier pseudospectral discretization to the spatial derivatives followed
by employing some exponential wave integrators (such as the Gautschi-type/Dauflhard-type
integrator) under appropriate chosen transmission conditions between different time intervals
in the phase space. In this paper, we always assume the solutions are well localized in
space, where periodic/homogeneous Dirichlet/homogeneous Neumann boundary conditions
are good enough for large enough bounded computational domain. Similar to those in the
literature for numerical computations and due to the fast decay of the bound-state solutions
at the far field [17,23,40], we truncate the whole space problem onto a bounded interval Ω

with periodic boundary conditions.We remark here that PML and other absorbing BC should
be utilized for their superiorities in simulating practical problems with outgoing waves and
open boundaries. Discussions on these types of BCs are beyond the scope of current study,
and we will take it into consideration in the near future. For simplicity of notations, we only
illustrate the approaches in 1D. Generalizations to higher dimensions for the KGD (1.6) are
straightforward for tensor grids and results remain valid with minor modifications. Thus, the
KGD (1.6) on Ω = (a, b) reads
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε2∂t tφ(t, x) − ∂xxφ(t, x) + 1

ε2
φ(t, x) = gΨ ∗(t, x)σ3Ψ (t, x), x ∈ Ω, t > 0,

i∂tΨ (t, x) +
[
i

ε
σ1∂x − ω

ε2
σ3 − ω(V (t, x)I2 − A1(t, x)σ1)

]

Ψ (t, x) = gφ(t, x)σ3Ψ (t, x),
φ(t, a) = φ(t, b), ∂xφ(t, a) = ∂xφ(t, b), Ψ (t, a) = Ψ (t, b), t ≥ 0,

φ(0, x) = φ0(x), ∂tφ(0, x) = 1

ε2
γ (x), Ψ (0, x) = Ψ 0(x), x ∈ Ω,

(2.1)

where φ := φ(t, x) ∈ R and Ψ := Ψ (t, x) = (ψ1(t, x), ψ2(t, x))T ∈ C
2.

Let’s introduce some notations at the beginning. Choose the spatial mesh size h = b−a
M

and the temporal step size τ with M being an even positive integer, and the grid points and
time steps are defined as

x j := a + jh, j ∈ T 0
M = { j | j = 0, 1, . . . , M}, tn := nτ, n = 0, 1, 2, . . . . (2.2)

Denote XM = {U = (Uj ) j∈T 0
M
|Uj ∈ C

2,U0 = UM } ⊂ C
(M+1)×2, X̃M = {U =

(Uj ) j∈T 0
M
|Uj ∈ R,U0 = UM } ⊂ R

M+1 and [Cp(Ω)]2 (or Cp(Ω)) as the function space

consisting of all periodic vector (or scalar) functions U (x) : Ω → C
2 (or U (x) : Ω → R).

Let

YM = [ZM ]2 and ZM = span{ϕl(x) = eiμl (x−a), l ∈ TM }, μl = 2lπ

b − a
, (2.3)

where TM = {l|l = −M/2,−M/2 + 1, . . . , M/2 − 1}. For any U (x) ∈ [Cp(Ω)]2(or
U (x) ∈ Cp(Ω)) and U ∈ XM (or U ∈ X̃M ), define PM : [L2(Ω)]2 → YM (or L2(Ω) →
ZM ) as the standard projection operator, IM : [Cp(Ω)]2 → YM (or Cp(Ω) → ZM ) and
IM : XM → YM (or X̃M → ZM ) as the standard interpolation operators, i.e.,

(PMU )(x) =
∑

l∈TM

Ûle
iμl (x−a), (IMU )(x) =

∑

l∈TM

Ũle
iμl (x−a), x ∈ Ω, (2.4)
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with

Ûl = 1

b − a

∫ b

a
U (x)e−iμl (x−a)dx, Ũl = 1

M

∑

j∈T 0
M−1

Uje
−iμl (x j−a), l ∈ TM , (2.5)

where Uj is interpreted as U (x j ) and we always use U−1 = UM−1 and UM+1 = U1 if they
are involved.

The Fourier spectral discretization for the KGD (2.1) is to find φM := φM (t, x) ∈ ZM

and ΨM := ΨM (t, x) ∈ YM , i.e.,

φM (t, x) =
∑

l∈TM

(̂φM )l(t)e
iμl (x−a), ΨM (t, x) =

∑

l∈TM

(̂ΨM )l(t)e
iμl (x−a),

x ∈ Ω, t > 0, (2.6)

such that

ε2∂t tφM − ∂xxφM + 1

ε2
φM = PM (gΨ ∗

Mσ3ΨM ), (2.7)

i∂tΨM + i

ε
σ1∂xΨM − ω

ε2
σ3ΨM = PM (gφMσ3ΨM + ω(V (t, x)I2 − A1(t, x)σ1)ΨM ),

(2.8)

with (̂φM )l(t) and (̂ΨM )l(t) being the Fourier coefficients of the l-th mode. Plugging (2.6)
into (2.7)–(2.8) and noticing the orthogonality of the Fourier functions, when t is near t = tn
(n ≥ 0), we get

d2

ds2
(̂φM )l(tn + s) + β2

l (̂φM )l(tn + s) = 1

ε2
(̂Hn

M )l(s), l ∈ TM , s > 0, (2.9)

i
d

ds
(̂ΨM )l(tn + s) − 1

ε2
Γl (̂ΨM )l(tn + s) = (̂Gn

M )l(s), l ∈ TM , s > 0, (2.10)

where

(̂Hn
M )l(s) := (̂HM )l(tn + s)= ̂(gΨ ∗

Mσ3ΨM )l(tn + s)=g
(

̂(|ψ1,M |2)l− ̂(|ψ2,M |2)l
)

(tn + s),

(̂Gn
M )l(s) := (̂GM )l(tn + s) = ̂(gφMσ3ΨM + ω(V I2 − A1σ1)ΨM )l(tn + s),

and

βl = 1

ε2

√

ε2μ2
l + 1, Γl = εμlσ1 + ωσ3 =

(
ω εμl

εμl −ω

)

= Ql Dl Q
∗
l , (2.11)

with

Ql = 1√
2δl

(√
δl + ω −√

δl − ω√
δl − ω

√
δl + ω

)

, Dl =
(

δl 0
0 −δl

)

, δl =
√

ω2 + ε2μ2
l . (2.12)

Here, we proceed to apply the exponential wave integrators for the ODEs (2.9)–(2.10)
in time. Denoting υM (tn + s, x) = ∂

∂sφM (tn + s, x) and using the variation-of-constants
formula, the general solutions of the ODEs (2.9)–(2.10) can be written as

(̂φM )l(tn + s) = (̂φM )l(tn) cos(sβl) + (̂υM )l(tn)
sin(sβl)

βl

+ 1

ε2βl

∫ s

0
(̂Hn

M )l(t) sin(βl(s − t))dt, (2.13)
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(̂υM )l(tn + s) = −βl (̂φM )l(tn) sin(sβl) + (̂υM )l(tn) cos(sβl)

+ 1

ε2

∫ s

0
(̂Hn

M )l(t) cos(βl(s − t))dt, (2.14)

(̂ΨM )l(tn + s) = e−isΓl/ε
2
(̂ΨM )l(tn) − i

∫ s

0
ei(t−s)Γl/ε

2
(̂Gn

M )l(t)dt,

l ∈ TM , s > 0. (2.15)

Considering the solutions (2.13)–(2.15) for s ∈ [0, τ ] and requiring the solutions to be
continuous at time tn . Plugging s = τ into (2.13)–(2.15) implies

(̂φM )l(tn+1) = (̂φM )l (tn) cos(τβl) + (̂υM )l (tn)
sin(τβl )

βl
+ 1

ε2βl

∫ τ

0
(̂Hn

M )l (t) sin(βl (τ −t))dt,

(2.16)

(̂υM )l (tn+1)=−βl (̂φM )l(tn) sin(τβl ) + (̂υM )l (tn) cos(τβl)+ 1

ε2

∫ τ

0
(̂Hn

M )l (t) cos(βl (τ − t))dt,

(2.17)

(̂ΨM )l (tn+1)=e−iτΓl/ε
2
(̂ΨM )l (tn) − i

∫ τ

0
ei(t−τ)Γl/ε

2
(̂Gn

M )l(t)dt, l∈TM , n≥0. (2.18)

Now the key problem is how to choose proper integral approximations in (2.16)–(2.18). In
order to design an explicit scheme, we approximate the integrals in (2.16)–(2.17) by the
Dauflhard-type quadrature rule, while the integral in (2.18) by the Gautschi-type quadrature
rule given as
∫ τ

0
(̂Hn

M )l(t) sin(βl(τ − t))dt ≈ τ

2
(̂Hn

M )l(0) sin(τβl), l ∈ TM , n ≥ 0, (2.19)

∫ τ

0
(̂Hn

M )l(t) cos(βl(τ − t))dt ≈ τ

2

[
̂

(Hn+1
M )l(0)+(̂Hn

M )l(0) cos(τβl)

]

, l∈TM , n≥0,

(2.20)
∫ τ

0
ei(t−τ)Γl/ε

2
(̂Gn

M )l(t)dt ≈
∫ τ

0
ei(t−τ)Γl/ε

2
[
(̂Gn

M )l(0)+(̂Gn
M )′l(0)t

]
dt

= W (1)
l (τ )(̂Gn

M )l(0)+W (2)
l (τ )(̂Gn

M )′l(0), l∈TM , n≥0,
(2.21)

where

W (1)
l (τ )=−iε2Γ −1

l

[
I2 − e−iτΓl/ε

2
]
, W (2)

l (τ ) = −iε2τΓ −1
l +ε4Γ −2

l

(
I2 − e−iτΓl/ε

2
)

,

and (̂Gn
M )′l(0) ≈

(

(̂Gn
M )l(0) − ̂

(Gn−1
M )l(0)

)

/τ , when n ≥ 1. ̂(G0
M )′l(0) = ̂(G0

l )
′(0) can be

deducted from the exact Dirac equation and the initial data in (2.1) as

∂

∂t
G(0, x) = ∂tW2(0, x)Ψ

0(x) + W2(0, x)∂tΨ (0, x)

=
( g

ε2
γ (x)σ3 + ∂tW1(0, x)

)
Ψ 0(x)

− W2(0, x)

[
1

ε
σ1∂x + iω

ε2
σ3 + iW2(0, x)

]

Ψ 0(x),

with W1(t, x) = ω(V (t, x)I2 − A1(t, x)σ1) and W2(t, x) = gφ(t, x)σ3 + W1(t, x).
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In fact, we can observe that the practical computations of the KGD (2.1) are decoupled at
each time step, i.e., one first updates the Dirac field ΨM (t, x) by (2.18) with (2.21), and then
updates the Klein–Gordon field (φM (t, x), υM (t, x)) by (2.16)–(2.17) with (2.19)–(2.20). In
practice, due to the difficulties for computing the Fourier coefficients, here we refer to the
Fourier pseudospectral discretization which replaces the projections by the interpolations.
Let (φn

j , υ
n
j , Ψ

n
j ) be the approximation of (φ(tn, x j ), υ(tn, x j ), Ψ (tn, x j )) for j ∈ T 0

M and

n ≥ 0. Furthermore, denote Ψ n ∈ XM , φn ∈ X̃M and υn ∈ X̃M be the solution vectors at
tn = nτ with componentsΨ n

j ,φ
n
j andυn

j , respectively.ChoosingΨ 0
j = Ψ 0(x j ),φ0

j = φ0(x j )

and υ0
j = ε−2γ 0(x j ), j ∈ T 0

M , combining the Fourier pseudospectral discretization with the
exponential wave integrators based on appropriate quadrature formulae, the EWI-FP reads

Ψ n+1
j =

∑

l∈TM

˜
Ψ n+1
l eiμl (x j−a), φn+1

j =
∑

l∈TM

˜
φn+1
l eiμl (x j−a),

vn+1
j =

∑

l∈TM

˜
vn+1
l eiμl (x j−a), (2.22)

where

˜
Ψ n+1
l = Qle

−iτDl/ε
2
Q∗

l Ψ̃
n
l − i

[
W (1)

l (τ )G̃n
l + W (2)

l (τ )(̃Gn
l )

′(0)
]
,

l ∈ TM , n ≥ 0, (2.23)

˜
φn+1
l = p(1)

l φ̃n
l + q(1)

l υ̃n
l + κ

(1)
l H̃ n

l ,
˜
υn+1
l = p(2)

l φ̃n
l + q(2)

l υ̃n
l + κ

(2)
l H̃ n

l + ξ
(2)
l

˜Hn+1
l ,

l ∈ TM , (2.24)

with Γl , Dl , Ql defined as in (2.12) and the coefficients given as

p(1)
l = cos(τβl), q(1)

l = sin(τβl)

βl
, κ

(1)
l = τ

2ε2βl
sin(τβl), l ∈ TM , (2.25)

p(2)
l = −βl sin(τβl), q(2)

l = cos(τβl), κ
(2)
l = τ

2ε2
cos(τβl), ξ

(2)
l = τ

2ε2
, l ∈ TM .

(2.26)

The EWI-FP (2.22)–(2.24) is an explicit scheme. The memory cost is O(M) and the
computational load per time step is O(M lnM) thanks to the FFT. Similar to theVonNeumann
analysis in [5,6,8], we also have the following lemma with the proof omitted for brevity.

Lemma 2.1 The EWI-FP (2.22)–(2.24) is stable under the stability conditions

0 < τ � 1, h > 0, 0 < ε ≤ 1. (2.27)

Remark 2.1 As stated in [8], when n ≥ 1, (2.16) can be reformulated into a three-level scheme
as

(̂φM )l(tn+1) = 2(̂φM )l(tn) cos(τβl) − (̂φM )l(tn−1)

+ 1

ε2βl

∫ τ

0

[
(̂Hn

M )l(t) + (̂Hn
M )l(−t)

]
sin(βl(τ − t))dt .

In this formalism, one can eliminate the time derivative υ(t, x) if it is not of interests.
For benchmark comparisons, we recall the Gautschi-type integrator Fourier pseudospectral
method (GIFP) proposed in [8] for the Klein–Gordon component in the KGD (2.1). The
three-level GIFP method reads: finding
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φn+1
j =

∑

l∈TM

˜
φn+1
l eiμl (x j−a), j ∈ T 0

M , n ≥ 0, (2.28)

which satisfies

φ̃1
l = p0l φ̃

0
l + q0l γ̃l + κ0

l H̃
0
l (0) + ξ0l (H̃0

l )′(0),
φ̃n+1
l = −φ̃n−1

l + pnl φ̃n
l + κn

l H̃
n
l (0), l ∈ TM , n ≥ 1, (2.29)

with (H̃0
l )′(0) being deducted from the exact Dirac equation and the initial data as

∂

∂t
H(0, x) = −g

ε
[∂x (Ψ 0)∗(x)σ1σ3Ψ 0(x) + (Ψ 0)∗(x)σ3σ1∂xΨ 0(x)], (2.30)

and the coefficients given as

p0l = cos(τβl), q0l = 1

ε2βl
sin(τβl), κ0

l = 1

ε2β2
l

(1 − cos(τβl)),

ξ0l = τ

ε2β2
l

− 1

ε2β3
l

sin(τβl), (2.31)

pnl = 2 cos(τβl), κn
l = 2

ε2β2
l

(1 − cos(τβl)), l ∈ TM , n ≥ 1. (2.32)

The above GIFPmethod is also explicit and the computational cost is the same as the EWI-FP
method. However, the finite time error estimate of the GIFP method given in [8] suffers a
CFL-type stability condition τ � h, that is also the reason whywe choose the Dauflhard-type
integrator for the Klein–Gordon component in the above derivation of (2.24) in the EWI-FP
method.

3 Time-Splitting Integrator Discretization

In this section, we revisit the time-splitting Fourier pseudospectral method (TSFP) in [2,
5,6,22,33,38], and apply it for the KGD (1.6). This method is based on the application of
the Fourier pseudospectral approximation to spatial derivatives followed by a time-splitting
integrator in time discretization to an equivalent first-order system.We use the same notations
as those in Sect. 2.

Introducingυ(t, x) = ∂tφ(t, x), then theKGD (2.1) is equivalent to the first-order-in-time
system as

i∂tΨ (t, x)+
[
i

ε
σ1∂x − ω

ε2
σ3 − ω(V (t, x)I2 − A1(t, x)σ1)

]

Ψ (t, x) = gφ(t, x)σ3Ψ (t, x),

(3.1)

∂tφ(t, x) − υ(t, x) = 0, (3.2)

ε2∂tυ(t, x) − ∂xxφ(t, x) + 1

ε2
φ(t, x) = gΨ ∗(t, x)σ3Ψ (t, x), (3.3)

for x ∈ Ω and t > 0 with the initial data and boundary conditions given as

φ(0, x) = φ0(x), υ(0, x)= 1

ε2
γ (x), Ψ (0, x)=Ψ 0(x), x ∈ Ω,

φ(t, a) = φ(t, b), ∂xφ(t, a)=∂xφ(t, b), υ(t, a)=υ(t, b), Ψ (t, a)=Ψ (t, b), t≥0.

123



1916 Journal of Scientific Computing (2019) 79:1907–1935

We proceed to adopt a time-splitting technique combined with the Fourier spectral dis-
cretization for the Dirac component (3.1) and the Klein–Gordon component (3.2)–(3.3) in
the above first-order system, respectively, which is divided into solving four subproblems.
The key point to an efficient implementation of the time-splitting technique for the Dirac
component (3.1) is to solve two subproblems efficiently from time tn to tn+1, i.e., firstly
solve

∂tΨ (t, x) = −1

ε
σ1∂xΨ (t, x) − iω

ε2
σ3Ψ (t, x), x ∈ Ω, t > 0, (3.4)

with the periodic boundary conditions for time step of length τ , followed by solving

∂tΨ (t, x) = −i[gφ(t, x)σ3 + ω(V (t, x)I2 − A1(t, x)σ1)]Ψ (t, x), x ∈ Ω, t > 0,
(3.5)

for the same time step. Meanwhile, the implementation of the time-splitting technique for the
Klein–Gordon component (3.2)–(3.3) is to solve another two subproblems from tn to tn+1,
i.e., one firstly solves

∂tφ(t, x) = 0, x ∈ Ω, t > 0, (3.6)

∂tυ(t, x) = 1

ε2
gΨ ∗(t, x)σ3Ψ (t, x), x ∈ Ω, t > 0, (3.7)

with the periodic boundary conditions for time step of length τ , then solves

∂tφ(t, x) − υ(t, x) = 0, x ∈ Ω, t > 0, (3.8)

∂tυ(t, x) = 1

ε2
∂xxφ(t, x) − 1

ε4
φ(t, x), x ∈ Ω, t > 0, (3.9)

for the same time step.
For the Dirac component, when A1(t, x) ≡ 0, the ODEs (3.5) can be integrated analyti-

cally in time as

Ψ (tn+1, x) = e−i
∫ tn+1
tn W (t,x)dtΨ (tn, x), x ∈ Ω, n ≥ 0, (3.10)

where
∫ tn+1
tn

W (t, x)dt = ∫ tn+1
tn

gφ(t, x)σ3 + ωV (t, x)I2dt = φ(1)(x)σ3 + V (1)(x)I2 =
P1Λ(x)P∗

1 with φ(1)(x) = g
∫ tn+1
tn

φ(t, x)dt , V (1)(x) = ω
∫ tn+1
tn

V (t, x)dt , Λ(x) =
diag(Λ+(x),Λ−(x)), Λ±(x) = V (1)(x) ± φ(1)(x) and P1 = I2. In practical computa-
tion, when A1(t, x) �≡ 0, due to the fact that σ1σ3 �= σ3σ1, we will split (3.5) into two steps
as: one first solves

∂tΨ (t, x) = −iω(V (t, x)I2 − A1(t, x)σ1)Ψ (t, x), x ∈ Ω, t > 0, (3.11)

followed by solving

∂tΨ (t, x) = −igφ(t, x)σ3Ψ (t, x), x ∈ Ω, t > 0. (3.12)

In this case, integrating the splitting steps in time and combining them via the Strang splitting
[2,38] result in

Ψ (tn+1, x) = e−i P2Λ(1)(x)P∗
2 /2e−iφ(1)(x)σ3e−i P2Λ(1)(x)P∗

2 /2Ψ (tn, x), x ∈ Ω, n ≥ 0,
(3.13)

where Λ(1)(x) = diag(Λ(1)
+ (x),Λ(1)

− (x)), Λ
(1)
± (x) = V (1)(x) ± A(1)

1 (x), A(1)
1 (x) =

ω
∫ tn+1
tn

A1(t, x)dt and
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P2 =
⎛

⎜
⎝

1√
2

1√
2

− 1√
2

1√
2

⎞

⎟
⎠ . (3.14)

Note that the integral φ(1)(x) can be approximated via the following quadrature rule as

φ(1)(x) ≈ g(φ(tn, x)τ + 1

2
υ(tn, x)τ

2).

In addition, if the definite integrals V (1)(x) and A(1)
1 (x) cannot be evaluated analytically, we

could evaluate them numerically via the Simpson’s quadrature rule as

V (1)(x) = ω

∫ tn+1

tn
V (t, x)dt ≈ ωτ

6

[
V (tn, x) + 4V

(
tn + τ

2
, x
)

+ V (tn+1, x)
]
,

A(1)
1 (x) = ω

∫ tn+1

tn
A1(t, x)dt ≈ ωτ

6

[
A1(tn, x) + 4A1

(
tn + τ

2
, x
)

+ A1(tn+1, x)
]
.

For the Klein–Gordon component, the solution to the ODE (3.6) is trivial by noticing it
leaves φ(t, x) invariant in t and the ODE (3.7) can also be integrated from time tn to tn+1

directly, we have

φ(tn+1, x) = φ(tn, x), υ(tn+1, x) = υ(tn, x) + 1

ε2

∫ tn+1

tn
gΨ ∗(t, x)σ3Ψ (t, x)dt,

x ∈ Ω, n ≥ 0, (3.15)

with the integral being approximated by the trapezoid quadrature rule as

υ(tn+1, x) ≈ υ(tn, x) + 1

2ε2
τ(H(tn, x) + H(tn+1, x)),

where H(t, x) = gΨ ∗(t, x)σ3Ψ (t, x).

Now, the remained part is to find an efficient and accurate method for (3.4) and (3.8)–
(3.9). In fact, we shall apply the Fourier spectral discretization in space and solve them in
phase space exactly similar as in Sect. 2. Thus it results in finding ΨM (t, x) ∈ YM and
(φM (t, x), υM (t, x)) ∈ [ZM ]2, i.e.,

ΨM (t, x) =
∑

l∈TM

(̂ΨM )l(t)e
iμl (x−a), φM (t, x) =

∑

l∈TM

(̂φM )l(t)e
iμl (x−a), υM (t, x)

=
∑

l∈TM

(̂υM )l(t)e
iμl (x−a),

satisfying

(̂ΨM )l(t) = e−i
∫ t
tn

Γl/ε
2ds

(̂ΨM )l(tn) = e−i(t−tn)Γl/ε
2
(̂ΨM )l(tn), l ∈ TM , (3.16)

(̂φM )l(t) = cos(βl(t − tn))(̂φM )l(tn) + β−1
l sin(βl(t − tn))(̂υM )l(tn), l ∈ TM ,

(3.17)

(̂υM )l(t) = −βl sin(βl(t − tn))(̂φM )l(tn) + cos(βl(t − tn))(̂υM )l(tn), l ∈ TM ,

(3.18)

where βl and Γl are defined as in (2.11).
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We observe that the Dirac field ΨM (tn+1, x) could be obtained by the information of
ΨM (tn, x), φM (tn, x) and υM (tn, x) only from the previous time step, while υM (tn+1, x) is
identified by the information of ΨM (tn, x) and ΨM (tn+1, x). Thus, in practical computation,
at each time step, the computations of φM (t, x), υM (t, x) and ΨM (t, x) are decoupled. i.e.,
one first updates the Dirac field ΨM (t, x) by solving (3.4) and (3.5), and then updates the
Klein–Gordon field (φM (t, x), υM (t, x)) by solving (3.6)–(3.7) and (3.8)–(3.9). Similar as in
Sect. 2, in order to overcome the difficulties for computing the Fourier coefficients, we adopt
the Fourier pseudospectral discretization to replace the projections by the interpolations. Let
(φn

j , υ
n
j , Ψ

n
j ) be the approximation of (φ(tn, x j ), υ(tn, x j ), Ψ (tn, x j )) and denoteΨ n ∈ XM ,

φn ∈ X̃M and υn ∈ X̃M be the solution vectors at tn = nτ with components Ψ n
j , φn

j

and υn
j ( j ∈ T 0

M and n ≥ 0), respectively. Choosing Ψ 0
j = Ψ 0(x j ), φ0

j = φ0(x j ) and

υ0
j = ε−2γ 0(x j ), combining the Fourier pseudospectral discretization with the splitting

steps via the standard Strang splitting [2,6,22,38], which finally results a second order TSFP
as

Ψ
[1]
j = LΨ (τ/2, Ψ n) j , Ψ

[2]
j = S(x j )Ψ

[1]
j , Ψ n+1

j = LΨ (τ/2, Ψ [2]) j , j ∈ T 0
M , n ≥ 0,

(3.19)

φ
[1]
j = φn

j , υ
[1]
j = υn

j + 1

4ε2
τ(IM H(tn, x j ) + IM H(tn+1, x j )), j ∈ T 0

M , n ≥ 0,

(3.20)

φ
[2]
j = Lφ(τ, φ[1], υ[1]) j , υ

[2]
j = Lυ(τ, φ[1], υ[1]) j , j ∈ T 0

M , (3.21)

φn+1
j = φ

[2]
j , υn+1

j = υ
[2]
j + 1

4ε2
τ(IM H(tn, x j ) + IM H(tn+1, x j )), j ∈ T 0

M , n ≥ 0,

(3.22)

where

S(x) =
{
P1e−iΛ(x)P∗

1 , if A1(t, x) ≡ 0,

P2e−iΛ(1)(x)/2P∗
2 e

−iφ(1)(x)σ3 P2e−iΛ(1)(x)/2P∗
2 , if A1(t, x) �≡ 0,

(3.23)

with P1 = I2, Λ(x) = diag(Λ+(x),Λ−(x)), Λ±(x) = V (1)(x) ± φ(1)(x), φ(1)(x) =
g(φ(tn, x)τ + 1

2υ(tn, x)τ 2), Λ(1)(x) and P2 defined as in (3.14). LΨ (τ, Ψ ) j , Lφ(τ, φ, υ) j

and Lυ(τ, φ, υ) j ( j ∈ T 0
M ) are computed from any τ ∈ R, Ψ ∈ XM , φ ∈ X̃M and υ ∈ X̃M ,

which are defined as

LΨ (τ, Ψ ) j =
∑

l∈TM

Qle
−iτDl/ε

2
(Ql)

∗Ψ̃l e
iμl (x j−a),

Lφ(τ, φ, υ) j =
∑

l∈TM

[
cos(τβl)φ̃l + β−1

l sin(τβl)υ̃l
]
eiμl (x j−a),

Lυ(τ, φ, υ) j =
∑

l∈TM

[−βl sin(τβl)φ̃l + cos(τβl)υ̃l
]
eiμl (x j−a),

with Dl and Ql defined as in (2.12).
Similar to the discussion of the TSFP method for the (nonlinear) Dirac equation in [5,6],

we can also get the following property. The proof is standard and simple, we omit it here for
brevity.
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Table 1 Spatial errors eτ,hΨ (upper) and eτ,hφ (lower) of TSFP with free electromagnetic potential

Spatial errors h0 = 4 h0/2 h0/22 h0/23 h0/24

ε0 = 1 6.12E−1 6.70E−1 1.66E−1 2.30E−3 4.79E−8

ε0/2 9.90E−1 5.56E−1 6.14E−2 3.33E−4 2.02E−9

ε0/22 8.32E−1 4.38E−1 2.42E−2 2.45E−5 6.22E−11

ε0/23 7.74E−1 3.55E−1 1.17E−2 6.25E−6 5.76E−11

ε0/24 7.13E−1 3.50E−1 1.16E−2 1.63E−6 5.74E−11

ε0/25 7.15E−1 3.53E−1 1.21E−2 4.23E−7 5.75E−11

ε0 = 1 1.14E+0 3.59E−1 6.25E−3 3.74E−5 1.60E−10

ε0/2 2.57E−1 1.62E−1 2.02E−2 2.07E−5 5.11E−11

ε0/22 1.24E−1 1.90E−1 3.65E−3 1.19E−6 2.50E−12

ε0/23 9.57E−1 4.32E−1 1.25E−2 4.04E−7 1.37E−13

ε0/24 1.15E+0 4.11E−1 1.06E−2 4.55E−8 4.49E−14

ε0/25 5.03E−1 1.22E−1 9.51E−3 1.52E−8 7.84E−14

Table 2 Spatial errors eτ,hΨ (upper) and eτ,hφ (lower) of TSFP with the potentials (4.2)

Spatial errors h0 = 4 h0/2 h0/22 h0/23 h0/24

ε0 = 1 8.82E−1 1.21E+0 6.07E−1 1.79E−1 1.33E−3

ε0/2 1.15E+0 1.34E+0 5.52E−1 3.55E−2 5.85E−5

ε0/22 9.36E−1 8.53E−1 3.45E−1 6.94E−3 1.09E−5

ε0/23 8.23E−1 6.75E−1 2.10E−1 4.02E−3 5.66E−6

ε0/24 9.10E−1 6.76E−1 2.13E−1 3.53E−3 3.70E−6

ε0/25 1.00E+0 6.92E−1 2.19E−1 2.99E−3 2.50E−6

ε0 = 1 8.64E−1 2.42E−1 3.93E−2 3.96E−3 1.07E−5

ε0/2 4.54E−1 3.16E−1 6.72E−2 1.45E−3 6.31E−7

ε0/22 1.28E−1 1.89E−1 1.10E−2 2.23E−4 2.41E−7

ε0/23 9.65E−1 4.36E−1 1.44E−2 1.50E−5 1.56E−7

ε0/24 1.14E+0 4.10E−1 9.96E−3 5.14E−6 4.69E−9

ε0/25 5.03E−1 1.22E−1 9.69E−3 1.26E−6 4.09E−10

Lemma 3.1 The TSFP (3.19)–(3.22) conserves

‖Ψ n‖2l2 := h
∑

j∈T 0
M−1

|Ψ n
j |2 ≡ h

∑

j∈T 0
M−1

|Ψ 0
j |2 = ‖Ψ 0‖2l2 , n ≥ 1, (3.24)

in the discretized level.

Following the Von Neumann linear stability analysis in [5,6,8], we could conclude that
the TSFP (3.19)–(3.22) keeps the linear stability property for the KGD system (e.g. g = 0),
that is

Lemma 3.2 For any τ , h > 0 and 0 < ε ≤ 1, the TSFP (3.19)–(3.22) is unconditionally
stable for g = 0.
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Table 3 Temporal errors eτ,hΨ (upper) and eτ,hφ (lower) of TSFP with free electromagnetic potential

Temporal errors τ0 = 0.2 τ0/4 τ0/42 τ0/43 τ0/44 τ0/45

ε0 = 1 2.57E+0 1.80E–3 1.12E–4 7.02E–6 4.39E–7 2.74E–8

Order – 5.24 2.00 2.00 2.00 2.00

ε0/2 2.31E+0 5.97E–3 3.61E–4 2.24E–5 1.39E–6 8.70E–8

Order – 4.30 2.02 2.01 2.00 2.00

ε0/22 2.31E+0 3.30E–2 1.83E–3 1.11E–4 6.85E–6 4.27E–7

Order – 3.07 2.09 2.02 2.01 2.00

ε0/23 2.31E+0 8.92E–2 6.22E–3 3.99E–4 2.51E–5 1.57E–6

Order – 2.35 1.92 1.98 2.00 2.00

ε0/24 2.30E+0 3.84E+0 3.41E–2 1.14E–3 6.27E–5 3.80E–6

Order – −0.37 3.41 2.45 2.10 2.02

ε0/25 2.31E+0 1.45E+0 4.46E–1 5.08E–3 1.89E–4 1.03E–5

Order – 0.34 0.84 3.23 2.37 2.10

ε0 = 1 2.43E+0 9.85E–4 6.16E–5 3.85E–6 2.41E–7 1.50E–8

Order – 5.63 2.00 2.00 2.00 2.00

ε0/2 2.55E+0 1.33E–3 8.38E–5 5.24E–6 3.27E–7 2.05E–8

Order – 5.45 2.00 2.00 2.00 2.00

ε0/22 2.48E+0 6.24E–3 3.92E–4 2.44E–5 1.52E–6 9.50E–8

Order – 4.32 2.00 2.00 2.00 2.00

ε0/23 2.46E+0 3.44E–2 1.79E–3 1.11E–4 6.94E–6 4.33E–7

Order – 3.08 2.13 2.00 2.00 2.00

ε0/24 1.99E+0 2.34E–1 3.80E–3 1.98E–4 1.22E–5 7.60E–7

Order – 1.54 2.97 2.13 2.01 2.00

ε0/25 1.98E+0 7.57E–2 6.39E–2 1.18E–3 6.07E–5 3.75E–6

Order – 2.36 0.12 2.88 2.14 2.01

Remark 3.1 The stability of the TSFP considered in the Lemma 3.3 is just the Von Neumann
linear stability to get the l2-norm stability. In fact, theDirac partΨ keeps the discrete invariant
(3.24), but not the Klein–Gordon partφ. Since the computations are decoupled into two linear
systems at each time step, we only consider its special case (the linear case, i.e. g = 0) to give
some hint to the stability of the nonlinear case in Lemmas 2.1 and 3.3. However, the nonlinear
stability is another issue, where the convergence results obtained can be viewed as certain
nonlinear stability. According to the error estimates of the TSFP and EWI-FP methods for
the Klein–Gordon equation and Dirac equation in [5,6,8,22] and the numerical results for the
KGD system in Sect. 4, for short/intermediate time simulation, these schemes conserve the
mass and energy up to the order of numerical errors with second order in time step within
some convergence regime, e.g. τ � ε2.

Finally, for benchmark comparisons, we propose another two alterative discretizations
named DIFP-TSFP and GIFP-TSFP for short by applying the DIFP/GIFP method for the
Klein–Gordon equation, while the TSFP method for the Dirac equation in the KGD (1.6),
respectively. The details of the discretizations as follows:
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Table 4 Temporal errors eτ,hΨ (upper) and eτ,hφ (lower) of TSFP with the potentials (4.2)

Temporal errors τ0 = 0.2 τ0/4 τ0/42 τ0/43 τ0/44 τ0/45

ε0 = 1 2.85E+0 3.79E–3 2.36E–4 1.48E–5 9.22E–7 5.76E–8

Order – 4.78 2.00 2.00 2.00 2.00

ε0/2 2.86E+0 1.03E–2 6.46E–4 4.05E–5 2.53E–6 1.58E–7

Order – 4.06 2.00 2.00 2.00 2.00

ε0/22 2.77E+0 4.31E–2 2.54E–3 1.59E–4 9.92E–6 6.20E–7

Order – 3.00 2.04 2.00 2.00 2.00

ε0/23 2.70E+0 2.40E+0 1.22E–2 7.10E–4 4.42E–5 2.76E–6

Order – 0.08 3.81 2.05 2.00 2.00

ε0/24 2.67E+0 3.44E+0 9.87E–1 3.44E–3 2.13E–4 1.34E–5

Order – −0.18 0.90 4.08 2.01 1.99

ε0/25 2.67E+0 1.99E+0 7.00E–1 2.34E–1 8.34E–4 5.00E–5

Order – 0.21 0.75 0.79 4.07 2.03

ε0 = 1 2.34E+0 1.24E–3 7.78E–5 4.86E–6 3.04E–7 1.90E–8

Order – 5.44 2.00 2.00 2.00 2.00

ε0/2 2.58E+0 3.00E–3 1.88E–4 1.18E–5 7.35E–7 4.59E–8

Order – 4.87 2.00 2.00 2.00 2.00

ε0/22 2.49E+0 8.24E–3 5.25E–4 3.28E–5 2.04E–6 1.28E–7

Order – 4.12 1.99 2.00 2.00 2.00

ε0/23 2.46E+0 2.43E–2 1.35E–3 8.72E–5 5.47E–6 3.42E–7

Order – 3.33 2.08 1.98 2.00 2.00

ε0/24 1.99E+0 6.95E–1 5.98E–3 3.05E–4 1.88E–5 1.17E–6

Order – 0.76 3.43 2.15 2.01 2.00

ε0/25 1.98E+0 8.18E–2 6.90E–2 9.90E–4 5.14E–5 3.18E–6

Order – 2.30 0.12 3.06 2.13 2.00

(1) the DIFP-TSFP method reads

Ψ
(1)
j = LΨ (τ/2, Ψ n) j , Ψ

(2)
j = S(x j )Ψ

(1)
j , Ψ n+1

j = LΨ (τ/2, Ψ (2)) j , (3.25)

φn+1
j =

∑

l∈TM

˜
φn+1
l eiμl (x j−a), υn+1

j =
∑

l∈TM

˜
vn+1
l eiμl (x j−a), j ∈ T 0

M , n ≥ 0,

(3.26)

satisfying

˜
φn+1
l = p(1)

l φ̃n
l + q(1)

l υ̃n
l + κ

(1)
l H̃ n

l ,
˜
υn+1
l = p(2)

l φ̃n
l + q(2)

l υ̃n
l + κ

(2)
l H̃ n

l + ξ
(2)
l

˜Hn+1
l ,

l ∈ TM , (3.27)

where S(x j ) is defined as (3.23) with φ(1)(x j ) = g(φn
j τ + 1

2υ
n
j τ

2), and the coefficients
are given as in (2.25)–(2.26).
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Table 5 Temporal errors eτ,hΨ (upper) and eτ,hφ (lower) of GIFP-TSFP with free electromagnetic potential

Temporal errors τ0 = 0.2 τ0/4 τ0/42 τ0/43 τ0/44 τ0/45

ε0 = 1 2.57E+0 2.06E–3 1.29E–4 8.05E–6 5.03E–7 3.15E–8

Order – 5.14 2.00 2.00 2.00 2.00

ε0/2 2.31E+0 4.40E–3 2.75E–4 1.72E–5 1.07E–6 6.72E–8

Order – 4.52 2.00 2.00 2.00 2.00

ε0/22 2.31E+0 1.67E–2 1.05E–3 6.54E–5 4.09E–6 2.56E–7

Order – 3.56 2.00 2.00 2.00 2.00

ε0/23 2.31E+0 6.73E–2 3.55E–3 2.21E–4 1.38E–5 8.63E–7

Order – 2.55 2.12 2.00 2.00 2.00

ε0/24 2.30E+0 5.41E–1 9.34E–3 4.92E–4 3.05E–5 1.91E–6

Order – 1.05 2.93 2.12 2.01 2.00

ε0/25 2.31E+0 7.16E–2 7.77E–2 1.58E–3 8.25E–5 5.13E–6

Order – 2.50 −0.06 2.81 2.13 2.00

ε0 = 1 2.43E+0 3.79E–4 2.36E–5 1.48E–6 9.24E–8 6.09E–9

Order – 6.32 2.00 2.00 2.00 1.96

ε0/2 2.55E+0 8.11E–4 5.02E–5 3.14E–6 1.96E–7 1.23E–8

Order – 5.81 2.01 2.00 2.00 2.00

ε0/22 2.48E+0 2.66E–3 1.54E–4 9.55E–6 5.97E–7 3.73E–8

Order – 4.93 2.06 2.00 2.00 2.00

ε0/23 2.46E+0 1.67E–1 3.40E–4 2.03E–5 1.27E–6 7.93E–8

Order – 1.94 4.47 2.03 2.00 2.00

ε0/24 1.99E+0 2.38E–2 2.38E–2 2.73E–5 1.71E–6 1.07E–7

Order – 3.19 0.00 4.88 2.00 2.00

ε0/25 1.98E+0 2.50E–3 2.11E–3 2.14E–3 2.14E–6 1.35E–7

Order – 4.82 0.12 −0.01 4.98 1.99

(2) the GIFP-TSFP method reads

φn+1
j =

∑

l∈TM

φ̃n+1
l eiμl (x j−a), Ψ

(1)
j = LΨ (τ/2, Ψ n) j , j ∈ T 0

M , n ≥ 0, (3.28)

Ψ
(2)
j = S(x j )Ψ

(1)
j , Ψ n+1

j = LΨ (τ/2, Ψ (2)) j , j ∈ T 0
M , n ≥ 0, (3.29)

satisfying

φ̃1
l = p0l φ̃

0
l + q0l γ̃l + κ0

l H̃
0
l (0) + ξ0l (H̃0

l )′(0),
φ̃n+1
l = −φ̃n−1

l + pnl φ̃n
l + κn

l H̃
n
l (0), l ∈ TM , (3.30)

where S(x j ) is defined similar as (3.23) with φ(1)(x j ) = gτ(φn
j + φn+1

j )/2, and the
coefficients are given as in (2.31)–(2.32).

The DIFP-TSFP (3.25)–(3.27) and GIFP-TSFP (3.28)–(3.30) are also unconditionally
stable and keep the mass conservation law in the discretized level similar as the TSFP (3.19)–
(3.22). In addition, the memory cost is O(M) and the computational load per time step is
O(M lnM) thanks to the FFT.
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Table 6 Temporal errors eτ,hΨ (upper) and eτ,hφ (lower) of GIFP-TSFP with the potentials (4.2)

Temporal errors τ0 = 0.2 τ0/4 τ0/42 τ0/43 τ0/44 τ0/45

ε0 = 1 2.85E+0 6.28E–3 3.92E–4 2.45E–5 1.53E–6 9.58E–8

Order – 4.41 2.00 2.00 2.00 2.00

ε0/2 2.86E+0 1.76E–2 1.10E–3 6.86E–5 4.29E–6 2.68E–7

Order – 3.67 2.00 2.00 2.00 2.00

ε0/22 2.77E+0 7.46E–2 4.46E–3 2.78E–4 1.74E–5 1.09E–6

Order – 2.61 2.03 2.00 2.00 2.00

ε0/23 2.70E+0 2.33E+0 1.87E–2 1.12E–3 6.95E–5 4.34E–6

Order – 0.11 3.48 2.03 2.00 2.00

ε0/24 2.67E+0 1.19E+0 9.64E–1 4.12E–3 2.46E–4 1.53E–5

Order – 0.59 0.15 3.93 2.03 2.00

ε0/25 2.67E+0 1.93E–1 2.40E–1 2.31E–1 9.34E–4 5.58E–5

Order – 1.89 −0.16 0.03 3.97 2.03

ε0 = 1 2.34E+0 8.54E–4 5.32E–5 3.33E–6 2.08E–7 1.31E–8

Order – 5.71 2.00 2.00 2.00 2.00

ε0/2 2.58E+0 1.90E–3 1.17E–4 7.31E–6 4.57E–7 2.86E–8

Order – 5.20 2.01 2.00 2.00 2.00

ε0/22 2.49E+0 3.38E–3 1.81E–4 1.12E–5 7.01E–7 4.38E–8

Order – 4.76 2.11 2.01 2.00 2.00

ε0/23 2.46E+0 1.86E–1 5.70E–4 3.26E–5 2.02E–6 1.27E–7

Order – 1.86 4.17 2.06 2.00 2.00

ε0/24 1.99E+0 2.34E–2 2.09E–2 2.05E–5 1.27E–6 7.91E–8

Order – 3.21 0.08 4.99 2.01 2.00

ε0/25 1.98E+0 2.76E–3 2.35E–3 2.13E–3 3.13E–6 1.73E–7

Order – 4.75 0.12 0.07 4.71 2.08

4 Numerical Comparison and Applications

In this section, we compare the accuracy of the numerical methods including the EWI-FP,
TSFP, DIFP-TSFP and GIFP-TSFP methods to show their spatial/temporal resolution in
terms of the singular perturbation ε, and then we display the dynamics of the KGD (1.6) in
2D with a honeycomb lattice potential for different ε under strong/weak interaction.

4.1 Spatial/Temporal Resolution

In order to test the accuracy, the problem is solved numerically in 1D with the coefficients
g = 1 and ω = 1 on an large enough interval Ω = [−32, 32] with periodic boundary
conditions. The ‘reference’ solution (φ(t, x), Ψ (t, x)) is obtained numerically by using the
TSFP (3.19)–(3.22) with a very small time step and a fine mesh size, e.g. τe = 5× 10−6 and
he = 1/1024 for comparison.
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Table 7 Temporal errors eτ,hΨ (upper) and eτ,hφ (lower) of EWI-FP with free electromagnetic potential

Temporal errors τ0 = 0.2 τ0/4 τ0/42 τ0/43 τ0/44 τ0/45

ε0 = 1 2.57E+0 2.27E–2 1.44E–3 9.03E–5 5.65E–6 3.53E–7

Order – 3.41 1.99 2.00 2.00 2.00

ε0/2 2.31E+0 6.60E–2 4.14E–3 2.58E–4 1.61E–5 1.01E–6

Order – 2.57 2.00 2.00 2.00 2.00

ε0/22 2.31E+0 2.51E–1 1.74E–2 1.10E–3 6.87E–5 4.29E–6

Order – 1.60 1.93 1.99 2.00 2.00

ε0/23 2.31E+0 1.38E–1 3.98E–2 3.05E–3 1.98E–4 1.25E–5

Order – 2.03 0.89 1.85 1.97 1.99

ε0/24 2.30E+0 1.70E–1 5.78E–2 1.14E–2 7.83E–4 4.87E–5

Order – 1.88 0.78 1.17 1.93 2.00

ε0/25 2.31E+0 1.76E–1 4.34E–2 1.17E–2 1.29E–3 9.48E–5

Order – 1.85 1.01 0.94 1.59 1.88

ε0 = 1 2.43E+0 1.81E–3 1.09E–4 6.74E–6 4.20E–7 2.62E–8

Order – 5.20 2.03 2.01 2.00 2.00

ε0/2 2.55E+0 8.25E–3 6.40E–4 4.20E–5 2.65E–6 1.66E–7

Order – 4.14 1.84 1.97 1.99 2.00

ε0/22 2.48E+0 3.55E–2 1.45E–3 9.89E–5 6.42E–6 4.05E–7

Order – 3.06 2.31 1.94 1.97 1.99

ε0/23 2.46E+0 7.00E–2 6.76E–3 5.13E–4 3.49E–5 2.22E–6

Order – 2.57 1.69 1.86 1.94 1.99

ε0/24 1.99E+0 1.23E–1 8.90E–3 1.74E–3 1.71E–4 1.12E–5

Order – 2.01 1.90 1.18 1.68 1.96

ε0/25 1.98E+0 4.27E–2 5.01E–2 1.97E–3 6.72E–4 3.49E–5

Order – 2.77 −0.11 2.33 0.77 2.13

Here, we test the spatial and temporal discretization errors with the initial data given as

Ψ 0(x) = (e−x2/2, e−(x−1)2/2)T , φ0(x) = e−x2/2, γ (x) = 3

2
e−x2/2, (4.1)

and we mainly consider the following two potential cases:

Case I: free electromagnetic potential case, i.e., V (t, x) = 0 and A1(t, x) = 0;
Case II: the electromagnetic potentials are chosen as

V (t, x) = (1 − x)/(1 + x2), A1(t, x) = (x + 1)2/(1 + x2), x ∈ R, t ≥ 0.

(4.2)

Denote (φn
τ,h, Ψ

n
τ,h) with the components (φn

j , Ψ
n
j ) ( j ∈ T 0

M ) to be the numerical
solution obtained by a numerical method with time step τ and mesh size h at the
time t = tn . In order to quantify the numerical results, we define the error function
as
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Table 8 Temporal errors eτ,hΨ (upper) and eτ,hφ (lower) of EWI-FP with the potentials (4.2)

Temporal errors τ0 = 0.2 τ0/4 τ0/42 τ0/43 τ0/44 τ0/45

ε0 = 1 2.85E+0 8.42E–2 5.27E–3 3.31E–4 2.07E–5 1.30E–6

Order – 2.54 2.00 2.00 2.00 2.00

ε0/2 2.86E+0 1.79E–1 1.09E–2 6.78E–4 4.24E–5 2.65E–6

Order – 2.00 2.02 2.00 2.00 2.00

ε0/22 2.77E+0 9.42E–1 5.31E–2 3.31E–3 2.07E–4 1.29E–5

Order – 0.78 2.08 2.00 2.00 2.00

ε0/23 2.70E+0 7.11E+0 5.96E–1 3.70E–2 2.32E–3 1.45E–4

Order – −0.70 1.79 2.00 2.00 2.00

ε0/24 2.67E+0 1.94E+0 6.51E+0 5.42E–1 3.40E–2 2.13E–3

Order – 0.23 −0.87 1.79 2.00 2.00

ε0/25 2.67E+0 1.85E+0 1.87E+0 6.03E+0 5.32E–1 3.35E–2

Order – 0.26 −0.01 −0.84 1.75 2.00

ε0 = 1 2.34E+0 3.33E–3 1.72E–4 1.05E–5 6.54E–7 4.09E–8

Order – 4.73 2.13 2.02 2.00 2.00

ε0/2 2.58E+0 1.84E–2 1.35E–3 8.97E–5 5.69E–6 3.57E–7

Order – 3.56 1.89 1.96 1.99 2.00

ε0/22 2.49E+0 8.40E–2 2.19E–3 1.37E–4 8.86E–6 5.59E–7

Order – 2.45 2.63 2.00 1.98 1.99

ε0/23 2.46E+0 1.79E–1 6.46E–3 4.04E–4 2.46E–5 1.53E–6

Order – 1.89 2.40 2.00 2.02 2.01

ε0/24 1.99E+0 1.23E–1 3.75E–2 2.26E–3 1.52E–4 1.07E–5

Order – 2.01 0.86 2.03 1.95 1.92

ε0/25 1.98E+0 4.30E–2 5.02E–2 5.11E–3 4.55E–4 2.89E–5

Order – 2.76 −0.11 1.65 1.75 1.99

eτ,h
u (tn) :=

⎛

⎜
⎝h

∑

j∈T 0
M−1

(
|u(tn, x j ) − unj |2 + |δ+

x (u(tn, x j ) − unj )|2
)

⎞

⎟
⎠

1/2

,

u = φ or u = Ψ ,

where δ+
x u

n
j = (unj+1 − unj )/h.

At first, we test the spatial errors with a very small time step (e.g. τ = τe = 5 × 10−6)
under different mesh size h. Tables 1 and 2 list the spatial errors eτ,h

Ψ (t) and eτ,h
φ (t) of the

TSFP (3.19)–(3.22) at t = 1 with free electromagnetic potential and the electromagnetic
potentials in (4.2), respectively. The spatial errors of other methods behave quite similarly to
these of the TSFP method and we skip here for brevity. Then, for comparison, Tables 3, 4, 5,
6, 7 and 8 tabulate the temporal errors of the TSFP (3.19)–(3.22), GIFP-TSFP (3.28)–(3.30)
and EWI-FP (2.22)–(2.24) at t = 1 for different τ and ε with h = 1/32, respectively. The
results for the DIFP-TSFP (3.25)–(3.27) omitted here are similar to those of the TSFP and
GIFP-TSFP methods.

123



1926 Journal of Scientific Computing (2019) 79:1907–1935

Table 9 Temporal errors eτ,hρ (upper) and eτ,hJ (lower) of TSFP with the potentials (4.2)

Temporal errors τ0 = 0.2 τ0/4 τ0/42 τ0/43 τ0/44 τ0/45

ε0 = 1 3.54E+0 2.82E–3 1.77E–4 1.10E–5 6.90E–7 4.31E–8

Order – 5.15 2.00 2.00 2.00 2.00

ε0/2 3.54E+0 1.05E–2 6.58E–4 4.11E–5 2.57E–6 1.61E–7

Order – 4.20 2.00 2.00 2.00 2.00

ε0/22 3.54E+0 2.56E–2 1.54E–3 9.63E–5 6.02E–6 3.76E–7

Order – 3.56 2.02 2.00 2.00 2.00

ε0/23 3.54E+0 5.65E–1 5.69E–3 3.43E–4 2.14E–5 1.33E–6

Order – 1.33 3.32 2.03 2.00 2.00

ε0/24 3.54E+0 4.98E–1 1.25E–1 8.69E–4 5.27E–5 3.29E–6

Order – 1.42 0.99 3.59 2.02 2.00

ε0/25 3.54E+0 1.20E–1 1.37E–1 2.19E–2 2.07E–4 1.26E–5

Order – 2.44 −0.10 1.32 3.36 2.02

ε0 = 1 2.11E+0 2.03E–3 1.27E–4 7.92E–6 4.95E–7 3.09E–8

Order – 5.01 2.00 2.00 2.00 2.00

ε0/2 4.00E+0 1.97E–2 1.22E–3 7.64E–5 4.78E–6 2.99E–7

Order – 3.83 2.01 2.00 2.00 2.00

ε0/22 5.56E+0 1.42E–1 8.51E–3 5.31E–4 3.32E–5 2.07E–6

Order – 2.64 2.03 2.00 2.00 2.00

ε0/23 7.72E+0 1.79E+1 1.22E–1 7.13E–3 4.44E–4 2.77E–5

Order – −0.61 3.60 2.05 2.00 2.00

ε0/24 1.12E+1 1.73E+1 1.94E+1 5.47E–2 3.19E–3 1.99E–4

Order – −0.31 −0.09 4.24 2.05 2.00

ε0/25 2.03E+1 2.14E+0 2.06E+0 2.47E+0 6.86E–3 4.08E–4

Order – 1.62 0.03 −0.13 4.25 2.04

From Tables 1, 2, 3, 4, 5, 6, 7 and 8 and additional results not shown here, we can draw
the observations on different numerical methods for the KGD system:

(i) For the spatial resolution, the TSFP (3.19)–(3.22) converges optimally and uniformly
with exponential convergence rate for any fixed ε > 0 (cf. each row in Tables 1, 2). So
do the EWI-FP (2.22)–(2.24), DIFP-TSFP (3.25)–(3.27) and GIFP-TSFP (3.28)–(3.30), due
to the similar spatial discretization. The results suggest that the ε-scalability for the spatial
discretizations is h = O(1).

(ii) For the temporal resolution, in the O(1) speed-of-light regime, i.e., ε = O(1), the
numerical methods are all second-order accurate (cf. the first row in Tables 3, 4, 5, 6, 7,
8). In the nonrelativistic limit regime, i.e., 0 < ε � 1, as ε vanishes, all the methods
are second-order accurate in time when τ is sufficiently small, i.e., within the convergence
regime, e.g. τ � ε2, (cf. the upper triangles above the diagonals in italics in Tables 3, 4, 5,
6, 7, 8, 9 and 10). Among the four numerical methods, the TSFP-type methods [i.e., TSFP
(3.19)–(3.22), DIFP-TSFP (3.25)–(3.27) and GIFP-TSFP (3.28)–(3.30)] always offer better
temporal approximations than the EWI-FP (2.22)–(2.24) under the same time step, especially
when ε becomes small (cf. each column in Tables 3, 4, 5, 6, 7, 8).
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Table 10 Temporal errors eτ,hρ (upper) and eτ,hJ (lower) of EWI-FP with the potentials (4.2)

Temporal errors τ0 = 0.2 τ0/4 τ0/42 τ0/43 τ0/44 τ0/45

ε0 = 1 3.54E+0 3.40E–2 2.07E–3 1.31E–4 8.21E–6 5.14E–7

Order – 3.35 2.02 1.99 2.00 2.00

ε0/2 3.54E+0 1.58E–1 1.03E–2 6.55E–4 4.12E–5 2.58E–6

Order – 2.24 1.97 1.98 2.00 2.00

ε0/22 3.54E+0 8.72E–1 2.94E–2 2.19E–3 1.43E–4 9.05E–6

Order – 1.01 2.44 1.87 1.97 1.99

ε0/23 3.54E+0 1.58E+1 4.22E–1 7.82E–3 3.86E–4 2.39E–5

Order – −1.08 2.61 2.88 2.17 2.01

ε0/24 3.54E+0 3.58E–1 1.62E+1 2.81E–1 7.14E–3 3.85E–4

Order – 1.65 −2.75 2.93 2.65 2.11

ε0/25 3.54E+0 4.53E–1 1.50E–1 1.44E+1 2.73E–1 7.22E–3

Order – 1.48 0.80 −3.29 2.86 2.62

ε0 = 1 2.11E+0 2.98E–2 1.76E–3 1.10E–4 6.91E–6 4.32E–7

Order – 3.07 2.04 2.00 2.00 2.00

ε0/2 4.00E+0 1.66E–1 1.13E–2 7.36E–4 4.65E–5 2.92E–6

Order – 2.30 1.94 1.97 1.99 2.00

ε0/22 5.56E+0 7.78E–2 4.74E–3 2.99E–4 1.88E–5 1.17E–6

Order – 3.08 2.02 1.99 2.00 2.00

ε0/23 7.72E+0 1.36E+2 5.64E+0 1.06E–1 5.88E–3 3.85E–4

Order – −2.07 2.30 2.86 2.09 1.97

ε0/24 1.12E+1 1.29E+1 2.90E+2 9.33E+0 1.84E–1 1.31E–2

Order – −0.11 −2.24 2.48 2.83 1.90

ε0/25 2.03E+1 2.92E+1 2.97E+1 5.16E+2 1.72E+1 3.82E–1

Order – −0.26 −0.01 −2.06 2.45 2.75

4.2 Comparisons on Physical Observables and "-Scalability

In order to compare the numerical methods on the approximations of some physical observ-
ables for the KGD system, define the errors of the density and the current as

eτ,h
ρ (tn) := h

∑

j∈T 0
M−1

|ρ(tn, x j ) − ρn
j |, eτ,h

J (tn) := h
∑

j∈T 0
M−1

|J (tn, x j ) − J n
j |, (4.3)

where the density ρn = |Ψ n
τ,h |2 and the current J n = 1

ε
(Ψ n

τ,h)
∗σ1Ψ n

τ,h . Tables 9 and 10

show the temporal errors eτ,h
ρ (t = 1) and eτ,h

J (t = 1) of the TSFP and EWI-FP methods
with the electromagnetic potentials (4.2) for different τ and h = 1/32, respectively. The
other two methods are similar to the TSFP method. On the other hand, Table 11 depicts
the performance of the EWI-FP, TSFP, DIFP-TSFP and GIFP-TSFP methods in temporal
approximations under the meshing strategy τ = O(ε2). While Fig. 2 shows the dependence
of the temporal discretization error eτ,h

Ψ (t) + eτ,h
φ (t) on ε in log-scale for different τ at t = 1

under h = 1/32.
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Table 11 Comparison of temporal errors eτ,hΨ (upper) and eτ,hφ (lower) with the potentials (4.2)

ε-scalability ε0 = 0.5 ε0/2 ε0/22 ε0/23 ε0/24

τ = O(ε2) τ0 = 0.2 τ0/4 τ0/42 τ0/43 τ0/44

TSFP 2.86E+0 4.31E−2 1.22E−2 3.44E−3 8.34E−4

Order – 3.03 0.91 0.91 1.02

DIFP-TSFP 2.86E+0 4.28E−2 1.21E−2 3.43E−3 8.34E−4

Order – 3.03 0.91 0.91 1.02

GIFP-TSFP 2.86E+0 7.46E−2 1.87E−2 4.12E−3 9.34E−4

Order – 2.63 1.00 1.09 1.07

EWI-FP 2.86E+0 9.42E−1 5.96E−1 5.42E−1 5.32E−1

Order – 0.80 0.33 0.07 0.01

TSFP 2.58E+0 8.24E−3 1.35E−3 3.05E−4 5.14E−5

Order – 4.15 1.30 1.07 1.28

DIFP-TSFP 2.58E+0 7.18E−3 1.27E−3 3.04E−4 5.11E−5

Order – 4.24 1.25 1.03 1.29

GIFP-TSFP 2.58E+0 3.38E−3 5.70E−4 2.05E−5 3.13E−6

Order – 4.79 1.28 2.40 1.36

EWI-FP 2.58E+0 8.40E−2 6.46E−3 2.26E−3 4.55E−4

Order – 2.47 1.83 0.76 1.16

From Tables 9, 10 and 11, Fig. 2 and additional results not shown here, we can draw the
observations:

(i) the temporal errors eτ,h
ρ (t = 1) and eτ,h

J (t = 1) of the numerical methods all have
second order convergent rate at O(τ 2) when τ � ε2 (cf. the upper parts of Tables 9 and
10). In addition, the TSFP, DIFP-TSFP and GIFP-TSFP methods perform much better than
the EWI-FP method at a fixed time step (cf. each column in Tables 9 and 10) and under the
ε-scalability at τ = O(ε2) in the nonrelativistic limit regime (cf. diagonal lines in Tables 9
and 10).

(ii) Table 11 illustrates that the EWI-FP method shows no convergence in terms of ε

under the mesh strategy τ = O(ε2) as ε → 0, while the other methods are convergent.
Furthermore, Fig. 2 indicates that the bounds of temporal discretization errors for the TSFP,
DIFP-TSFP and GIFP-TSFP methods within the convergence regime behave like O(ε−2τ 2)

[cf. (a), (b) and (c)], while that of the EWI-FP method would asymptotically behave like
O(ε−4τ 2) [cf. (d)]. Thus, the results suggest that the ε- scalabilities of the TSFP, DIFP-TSFP
and GIFP-TSFP methods are the same to be τ = O(ε), while that of the EWI-FP method is
τ = O(ε2). These methods are much superior than the finite difference methods analysed
for the KGD system in [17].

4.3 Dynamics in 2Dwith a Honeycomb Lattice Potential

In this subsection, we study numerically about the dynamics of the KGD (1.6) in 2D with a
honeycomb lattice potential, i.e., we take d = 2 and
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(a) (b)

(d)(c)

Fig. 2 Dependence of the temporal discretization error eτ,hΨ + eτ,hφ on ε in log-scale for different τ at t = 1
under h = 1/32: a for TSFP, b for DIFP-TSFP, c for GIFP-TSFP and d for EWI-FP

A1(t, x)= A2(t, x)≡0, V (t, x)=cos

(
4π√
3
e1 · x

)

+cos

(
4π√
3
e2 · x

)

+cos

(
4π√
3
e3 · x

)

,

(4.4)

with

e1 = (−1, 0)T , e2 = (1/2,
√
3/2)T , e3 = (1/2,−√

3/2)T . (4.5)

The initial data is taken as

Ψ 0(x) = (e−(x21+x22 )/2, e−((x1−1)2+x22 )/2)T , φ0(x) = e−(x21+x22 )/2, γ (x) = 3

2
e−(x21+x22 )/2.

(4.6)

The problem is solved numerically on Ω = [−10, 10]2 by the TSFP, DIFP-TSFP or
GIFP-TSFP method with the mesh size h = 1/16 and time step τ = 0.0001. Figures 3,
4, 5, 6, 7 and 8 depict various dynamics of the densities ρ j (t, x) = |ψ j (t, x)|2 ( j = 1, 2)
and ρ3(t, x) = |φ(t, x)|2 for ε = 1 and ε = 0.1 with different interaction coefficients
g = 0.1, 1, 10, respectively.
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From Figs. 3, 4, 5, 6, 7 and 8, we could observe that the dynamics of the KGD system
depend greatly on the singular perturbation ε and the weak/strong interaction. For ε =
1, the dynamics of the densities are fluctuating in a random pattern, featured as quantum
Zitterbewequng [21]. In addition, as ε decreases, the relativistic effects will vanish, the
densities spread over in a smoother way.

5 Conclusion

Four optimal resolution discretizations based on the EWI-FP and TSFP methods were pro-
posed and compared for solving the KGD system in the nonrelativistic limit regime. The
numerical results indicate that the four specific discretizations are all of second-order tem-
poral accuracy when τ � ε2 and uniform spectral spatial accuracy, which are superior than
the FDTD methods. In addition, from the comparison of the temporal/spatial resolution and
the ε-scalability, the TSFP-type methods are more efficient than the EWI-FP method for
solving the KGD system, especially in the nonrelativistic limit regime. Finally, we studied
the dynamics of the KGD system in 2D with a honeycomb lattice potential and observed
some interesting phenomenons under weak/strong interaction for different ε.
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