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Abstract. We study analytically the existence and uniqueness of the ground state of
the nonlinear Schrodinger equation (NLSE) with a general power nonlinearity de-
scribed by the power index ¢ > 0. For the NLSE under a box or a harmonic potential,
we can derive explicitly the approximations of the ground states and their correspond-
ing energy and chemical potential in weak or strong interaction regimes with a fixed
nonlinearity ¢. Besides, we study the case where the nonlinearity o — co with a fixed
interaction strength. In particular, a bifurcation in the ground states is observed. Nu-
merical results in 1D and 2D will be reported to support our asymptotic results.
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1 Introduction

In this paper, we will consider the dimensionless time-independent nonlinear Schrodinger
equation (NLSE) in d dimensions (d=3,2,1) [3,4,8,13,21,22]

~3AEVHBPR o) —p9(x),  xeOCR!, 1)

where ¢:=¢(x) is the wave function (or eigenfunction) satisfying the normalization con-
dition

2. 23y
I9l3:= [ [¢00Pdx=1, (1.2
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V:=V(x) is a given real-valued potential bounded below, >0 is a dimensionless con-
stant describing the repulsive (defocussing) interaction strength, >0 represents different
nonlinearities, and the eigenvalue (or chemical potential in physics literature) p:= u(¢)
is defined as [3,4,13,21]

u(@)=E@)+ 5 [ o +2ax, 13)
with the energy E:=E(¢) defined as [4,22]
1
E9)= | |51V 000 P4V 0lo00 2+ L o0 2 . o

If O is bounded, the homogeneous Dirichlet BC, i.e. ¢(x)|9q =0, needs to be imposed.
Thus, the time-independent NLSE (1.1) is a nonlinear eigenvalue problem under the
constraint ||¢]| =1. It is a mean field model arising from Bose-Einstein condensates
(BECs) [2,3,13,16], nonlinear optics [12], and some other applications [1,21,22] that can be
obtained from the N-body Schrodinger equation via the Hartree ansatz and mean field
approximation [4,11,19,21]. When =0 or ¢ =0, it collapses to the time-independent
Schrodinger equation. When ¢ =1, the nonlinearity is cubic and it is usually known as
the Gross-Pitaevskii equation (GPE) [3,13,14,21]. When ¢ =2, the nonlinearity is quintic
and it is used to model the Tonks-Girardeau (TG) gas in BEC [15,17,19,23].

The ground state of the NLSE (1.1) is usually defined as the minimizer of the non-
convex minimization problem (or constrained minimization problem) [3,4,13,16]

¢pg =argminE(¢), (1.5)
$ES

where S={¢|[|¢|3:= [ |¢(x)|[?dx=1, E(¢) < oo, ¢|an =0 if Q) is bounded}. Since S is
a nonconvex set, the problem (1.5) is a nonconvex minimization problem. It is easy to
see that the ground state ¢, satisfies the time-independent NLSE (1.1). Hence it is an
eigenfunction (or stationary state) of (1.1) with the least energy.

The main purpose of this paper is to study the existence and uniqueness of the ground
state of the NLSE and its approximations under a box or a harmonic potential in special
parameter regimes. The rest of this paper is organized as follows. In Section 2, we study
analytically the existence, uniqueness and nonexistence of the ground state of the NLSE.
In Section 3, we derive the ground state approximations and energy asymptotics under a
harmonic potential for different f’s and ¢”s. Similar results are presented in Section 4 for
the NLSE under a box potential. Some conclusions are drawn in Section 5.

2 Existence and uniqueness

In this section, we will generalize the existence and uniqueness results for the GPE case
[4,20,24], where =1, to a general case with a nonnegative ¢. For simplicity, we introduce
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the function space

:{fpeHl(le)HI<PH%<:H4>H2+HV¢H2+H¢H%V<oo},
where ||<,b|\% = [raV( x)[2dx. The following embedding results hold [4].

Lemma 2.1. Under the assumption that V(x) is nonnegative and satisfies the confining condi-
tion, i.e. lim|y o, V (x) =00, for xE€RY where d=1,2,3, we have that the embedding X — LP (RY)
is compact provided that exponent p satisfies

P €[2,6)
€2,
€[2,

In the d-dimensional space, where d =1,2,3, let Cy(d,0) be the best constant in the
following inequality [24]

7

) 3
), 2, 2.1)
1

00
o],

d
d
d

IV AL f>+ =D

0#£feH!(RY) [valEas

Cp(d,0):= (2.2)

Then we have the following theorem regarding the existence and uniqueness of the
ground state.

Theorem 2.1. (Existence and uniqueness) Suppose V(x) > 0 satisfies the confining condition,
Le. limy o V(x) =+00, where x € IRY, then there exists a minimizer ¢ € S for (1.5) if one of the
following conditions holds:

(i) BER for 0<do <2;
(it) B> — Hl)Cb(d o) when do=2;
(iii) B> 0 for do > 2.

Furthermore, the ground state can be chosen as nonnegative |¢g/,
constant @ €R. For o >0 and B >0, the nonnegative ground state is unique.
In contrast, there exists no ground state if one of the following conditions holds:

(i') p< =Ty (d,0) when do=2;
(ii’) p <0 for do>2.

=% | for some

Proof. We separate the proof into the existence and nonexistence part.

(1) Existence. The inequality [18]
IVIp(x)|| <|Vp(x)|, ae xcRY, (2.3)

implies

E(¢) = E(l¢]), (2.4)



4 X. Ruan and W. Yi / Commun. Comput. Phys., x (20xx), pp. 1-22

where the equality holds iff ¢ = ¢|¢| for some constant 6 € R. Therefore, it suffices to
consider the real-valued functions for the rest part of the proof.

We first claim that the energy is bounded from below under the condition (i), (ii) or
(iii). For case (iii), it is trivial to see that the energy is bounded below by 0. For case (i)
or (ii), the lower boundedness can be shown via the Gagliardo-Nirenberg inequality. For
any ¢ € S, the Gagliardo-Nirenberg inequality implies

1 do 2+(2-d)o
H‘PHLZM(W)SWHVfPH””H(PH 2z, (2.5)

where ¢ is required to satisfy 0 <o <2 when d =3 and ¢ >0 when d =1 or 2. For case (i),
noticing do <2 and applying the Holder’s inequality, we have

1 -
9135 3 ) < gy 1 V01 IO O <el Vgl 4Cld o), 26)

which yields the claim by choosing a sufficiently small e.
For case (ii), we have do =2 and the inequality (2.5) now becomes

1
20+2 20| p(14/d — 2
191222 0 < e VPO = oy | 991 @)
Ifg>— Hl) Cy(d,0), there exists € >0 such that f= —%Cb(d,a). Then we have

1
§||V4>||2+ 1912522 ey = 5 17917 >0, (2.8)

c+1
and therefore the energy (1.4) is bounded from below.

Hence for cases under condition (i), (ii) or (iii), we can take a sequence {¢"} ; to
minimize the energy (1.4) in S, and the sequence is uniformly bounded in X as indicated
from (2.8). Taking a weakly convergent subsequence, which is denoted as the original
sequence for simplicity, we have

¢" — ¢>, weakly in X. (2.9)

Lemma 2.1 ensures that {¢"}° ; converges to ¢~ in L? where p is given in Lemma 2.1,
and we get ||¢®||=1in part1cu1ar by taking p=2. Further, from the lower-semicontinuity
of the H; norm and Fatou’s lemma, we can show E(¢*) <liminf,_,. E(¢"), which implies
that ¢ € S is indeed a ground state. Thus we proved the existence of the ground state.
When >0 and ¢ >0, the uniqueness of the ground state comes from the strict convexity
of the energy functional.

(2) Nonexistence. We take ¢(x) = m~4/4e= /2 and ¢¢(x) =e9/2p(x/¢). Tt is easy to
check that ||¢*(x)||=]|¢(x)||=1 for all e >0 and

o Vel 1  Bllolrts 1
El¢g9)= 2 a2 (c+1) edo

+0O(1). (2.10)
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Under condition (ii’), i.e. <0 and do >2, we have E(¢) — —co as e — 0" and therefore
there exists no ground state. For case (i’) when g < — (”;rl)Ch(d,U), we have —Uz—fl >

Cy(d,0) and therefore may choose ¢, (x) satisfying ||¢p||=1 and || Vepy||>+ giil 5713 <
0. Then we have

E(95) = <—|\V¢b||2+

1

2042

Lo olgr3) 5 -0 - as em07. @1
When B = UH)C b(d,0), ¢} will converge to the Dirac distribution as ¢ = 0" and the
infimum of the energy E will be the minimal of V(x). Therefore, under condition (i") or
(ii"), we don’t have the ground state. O

3 Approximations under a harmonic potential

In this section, we take Q=IR? and the external potential V (x)= 2] 1 to be a harmonic

potential with «; >0, where x = (x1,%2,-+-,%7). We denote the ground state as <,bg ( )
for given >0 and ¢ >0, and denote the corresponding energy and chemical potential
as E¢(B,0) =E(¢y") and pg(B,0) = y(¢§’a), respectively. When ¢ =0, the NLSE (1.1)
collapses to a linear Schrédinger equation, which has been well studied. From now on,
we consider the case ¢ >0 only.

3.1 For different p under a fixed c>0

For problems with fixed nonlinearity, Theorem 2.1 indicate that the ground state exists
for all B if do <2 and for all >0 if > 0. Therefore, the limiting behavior of the ground
state as p— 0 or B — oo for general ¢ >0 and B — —oo for ¢ satistying do <2 will be of
great interest. For simplicity, only the isotropic case y; =7 ="---=;=" is considered in
this section.

When 0 < <1, the results can be summarized in the following lemma.

Lemma 3.1. When 0< <1, i.e. the weakly repulsive interaction regime, the ground state (])5"7
can be approximated as

d 1o
¢ ()~ H( ) e 7, x€RY (3.1)
j=1
and the corresponding energy and chemical potential can be approximated as
7 B T\ %
E(po) =5+ (£) " +o(B), (32)
dy B (1\*
Ho(B0) =S +—— (L) " +o(B). (3.3)

(@+1)7
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Proof. When p=0, all eigenfunctions of (1.1) can be expressed via the Hermite functions,
and the ground state is exactly 4)2 in (3.1). When 0 < <1, we can approximate the

ground state 4)5"7 by ¢g. Plugging (3.1) into (1.4) and (1.3) with V(x) = @, we get (3.2)
and (3.3), respectively. The detailed computation is omitted here for brevity. O

We can further prove rigorously the convergence of the approximate ground state for
this case and the result is formulated as the following theorem.

Theorem 3.1. Consider the NLSE (1.1) with 0 >0 and V(x) = 2?:1 ’y]zx]Z/Z, where d=1,2,3.
When p— 07 for general ¢ >0 or B— 0 for o satisfying do < 2, we have ¢§’U(x) converges to

2
'Y]xj

¢3(x) in H', where ¢ (x) 3:H?:1 (%)%e* 7.

Proof. We start the proof by showing the case — 0" for general ¢ > 0. Define

Eolg)= [ | 317000+ V(0 lp0 R . 64

The minimizer of Ey(-) exists and is unique by the strict convexity of Eo(-) [4]. For 0<
B <1, a simple computation shows that

Eo(¢3) <Eo(¢5”) <E(B,0) <E(¢3) <Eo(¢)+O(IBl). (3.5)

Therefore, limg_,o+ E(B,0) = Eo(qbg), and ||V ||, [|¢5” ||, is uniformly bounded above,
ie. |[V¢y”||<Cand [¢5 |1, <C for some constant C.
The boundedness of the H; norm implies that there exists ¢ € Hy such that (])g’a —¢

weakly in H;. We claim that 4)5"7 — ¢ strongly in Ly. For any 7 >0, the confinement of
the external potential implies that there exists R such that when |x| >R, V(x) > % Asa
result,

/x>R|¢§’a|2dX§% |x|>RV(x)’¢g/g’2dx§’7' (3.6)

While in the bounded domain {x||x| <R}, the Sobolev embedding theorem implies that
(])5"7 — ¢ strongly in L. It follows that

limsup/ |¢§’a—<f>|2dx§417. (3.7)
g0t JRI

Since 7 is arbitrary, we proved our claim. Consequently, ||¢||=1and $€S.
Further, we claim that ¢ = (,bg. In fact, from the lower-semicontinuity of the H; norm
and the Fatou’s lemma, we have

Eo(¢) <liminfE(B,0) = Eo (99)- (3.8)
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Therefore, ¢ is a ground state and we must have ¢ = (pg by the uniqueness of the ground
state. What’s more, we have Eo($) = limg_,o+ E(B,0). As a consequence, ||V4>g|\ =
limg o+ ||V4>§’UH. Combining the equation and the weak convergence of 4)5"7, we will
get 4)5"7 — (,bg strongly in Hj.

For the case p — 0 with do < 2, the Gagliardo-Nirenberg inequality implies that
57 (15713 < || Vg7 ||+ Ci. Therefore for the lower bound part of (3.5),

E(B,0) > (1-O(|B]))Eo(¢g”) — O(IBl) > (1-O(IB)) Ea(¢) —O(IB), (3.9

Il

and thus we still have limg_,o+ E(B,0) =Eq ((])2) and the uniform boundedness of || V¢’

and H(pg’g ||L,- The remained part of the proof is essentially the same and is omitted here
for brevity. O

When B>>1, we have the following lemma about the approximation of the ground
state.

Lemma 3.2. When B>>1, i.e. the strongly repulsive interaction regime, the ground state can be
approximated as

1
piF =2 x2/2°\ % 21012 TF
P () =g (x)= (é P ) S T (3.10)
0, otherwise,

and the corresponding energy and chemical potential can be approximated as

1
d.1

L d 1
TF By ity
) Rt = , (3.11)
24+do
~ TF _ TF
Eg(Bo)~Ey =5 oachs B> (3.12)

where B(a,b) is the standard beta function and Cy =2 when d =1, Cy = 1t when d =2 and
Cy=4mr/3 whend=3.

Proof. Set ¢ (x) = s_d/z(pg’a(x/s) with =B~ =® and define

E@)= [ (5 IV0RVO0lpR+ o) dx 613)
R\ 2 c+1 ’ ’

Itis easy to check that e— 0" as f— +o0 and ¢ minimizes E¢(-) iff 4)5"7 minimizes E(B,0).
From (3.13), it is natural to assume that the ground state ¢; converges to the ground state
of the following energy as e =0,

1
Ee()= [, (VIOP+ gloPr? ) ax 614)
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which drops the kinetic energy part. The minimizer of (3.14) is usually called the Thomas-
Fermi (TF) approximation in the literature. The Euler-Lagrange equation of (3.14) implies
the TF approximation satisfies the following equation

2|5 |2
roIx
T 41 ) 419 () P9 () =TT (), xE R, 619
Solving the above equation, we get (3.10). Substituting (3.10) into (1.2) and (1.3), we get
(3.11) and (3.12), respectively. The detailed computation is omitted here for brevity. [

Now we consider the case f — —oco when do < 2. In this case, there will be a strong

1
attractive interaction between particles. Set ¢ (x) = e?/2¢;" (ex) with e = |B| 2@ and
define .

1
B ()= [, (31 0+ev ol - 5

|4>|20’+2> dx. (3.16)
Easy to see ¢ =+ 07 as f— —oco. Again ¢; minimizes E¢ (-) iff 4)5’0 minimizes E(B,0).
From (3.16), it is natural to assume that ground state ¢; converges to the state ¢_ which
minimizes the following energy

1 1
E0)= [, (31708~ loP 2 ) ax 617)

This implies that we can approximate the ground state 4)5’0 by the ground state of the
following nonlinear eigenvalue problem when <0 and |8|>1,

3B =), xeOCRE @19

Notice that there is no external potential term in the equation (3.18), the approximation
does not depend on the external potential we choose.

Here we provide accuracy tests for the asymptotic results shown in Lemma 3.1 and
Lemma 3.2. The BEFD method proposed in [7] can be modified easily to compute the
ground state of the NLSE (1.1). In Fig. 1, the red dots denotes the ground state energy
computed numerically and the blue line shows the asymptotic approximations, where
the part in the small subfigure on the left is from (3.2) and the part for large s on the
right is from (3.12). From Fig. 1, we can see that our approximations agree with the exact
values very well in both weak and strong interaction regimes.

3.2 When v — oo under a fixed >0

In this section, we fix >0 and study the limit of the ground state 4)5’0 as o —oo. For
simplicity, we will only consider the NLSE (1.1) in 1D under the harmonic potential

V(x)= % for some 7y >0.
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Figure 1: The ground state energy of the NLSE (1.1) in 1D under a harmonic potential with ¢ =2 (quintic
nonlinearity for TG gas) and y=3 for different B.

Lemma 3.3. For any given >0, when o — oo, we have:

(i) If 0 <y < 71, the ground state converges to the linear approximation

g (x) = ¢y (x) = (%)Eeﬂzi, x€R, (3.19)
~Yo By YL B omiLy
EA&®~2+@$U%@J —2, ug(Bo)~ w+U%LJ -2 6

(ii) If oy > 71, the ground state converges to

p(—x), x<-—x,,
¢ (x) =l (x) =11, —x, <x< 2, (3.21)
p(x),  x>x,

where ¢(x) is the unique positive ground state of the following linear eigenvalue problem with y
the corresponding eigenvalue

,},2x2

po(x)=—3¢"(x)+17-9(s),  x>xy,
, . (3.22)
¢(xy)=1, ¢'(x,)=0,  lim ¢(x)=0,

with the constant x.,, > 0 determined by

x7+/ ()= (3.23)
Xoy
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Proof. In order to find the limit of (pg’a(x) when o — o0, the main idea is to determine
which term on the left hand side of (1.1) is negligible when ¢ >>1. Note that

0, if |a| <1,
lim a® ={ 1, ifa=1, (3.24)
e too, ifa>1.

In the region where |¢(x)| <1, the nonlinear term can be dropped and we get the linear
approximation, whose solution is the Gaussian function. In the region where |¢(x)|>1,
the diffusion term can be dropped and we get the TF approximation. Therefore, there

are two possible cases about the limit (pg’a(x) — ¢?PP(x) for x € R when ¢ — +oco: (i)
|p?PP(x)| <1 for all x € R, (ii) there exists a x, >0 such that |$?PP(x)| > 1 for x € [—x,,x]
and |¢p?PP (x)| <1 otherwise.

1 722

(i) When 0 <y <7, the linear approximation suggests that ¢PP (x) = (1) e~z <1 for
x€R. Note that the requirement that sup, . ¢°PP(x) <1 implies that 0 <y < 7. Therefore,
we get the necessary and sufficient condition about 7 for (3.19) to be true.

(ii) When 7y > 71, we may expect neither the linear approximation nor the TF approx-
imation is valid for x € R. Instead, a combination of the linear approximation and TF
approximation should be used. To be more specific, for any fixed ¢ >0, when g >>1,
there exists a constant x7 > 0 such that when x € (—o0,x7)U(x7,00), the linear approxi-
mation is used; and when x € [—x7,x7], the TF approximation ¢ (x) = (#) % which
goes to the constant 1 as ¢ — co. Therefore, we can simply use the constant function 1 in
the case. The constant x/ can be determined by the normalization condition (1.2). Let-
ting 0 — o0 and assuming x{ — x,,, we get (3.21) when ¢ — co. Plugging (3.21) into the
normalization condition (1.2), we obtain (3.23). O

In order to check our asymptotic results in Lemma 3.3, we solve the time-independent
NLSE (1.1) numerically by using the normalized gradient flow via backward Euler finite
difference discretization [4-7] to find the ground states and the corresponding energy.
Fig. 2 plots the ground states with =1 for different ¢ and v, Fig. 3 shows the numerical
solution of (3.22) while Fig. 4 depicts the energy asymptotics with p=1 and =3 for
different o. One thing that needs to be pointed out is that we can speculate the solution
to (3.22) have the following properties from Fig. 3:

(i) x —0, and ¢g (x) = 7 (x) = e="% when Y= 7T
(i) x, — 0.5 and ¥ (x) — g (x) =1—1y;>05y when 7 — oco.
Fig. 5 plots the ground states in 2D under different potentials and with different non-

linearities. Again we observed different limiting patterns depending on the value of
v, which is similar to the 1D case. We call this phenomenon to be the bifurcation of the
ground state. The ground state (pg’” will converge to ¢2(x) (3.1) as c— o0 if max |(/>g (x)|<1.
Otherwise, it will converge to a function whose peaks are flat and the peak values are
close to 1.
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Figure 2: Ground states of the NLSE in 1D with =1 and y=3 < (top) and y=6> 71 (bottom) for different
nonlinearities, i.e. different values of o.
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Figure 3: Numerical solution of (3.22). The circles denote the points (x,,1) corresponding to the different 7's.

4 Approximations under a box potential

In this section, we take () :]_[}7121 (0,L;) with L; >0 for j=1,---,d and V(x) =0 for x€ Q in
the NLSE (1.1) with the homogeneous Dirichlet BC. For o =0, the NLSE (1.1) collapses to
the linear Schrodinger equation. From now on, we assume ¢ > 0.
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Figure 4: The ground state energy of the NLSE (1.1) in 1D under a harmonic potential with =1 and y=3

B=5 ,0=16

for different o.
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=5 ,0=0
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Figure 5: Ground states (pg’g under the harmonic potential V(x,y)=9(x2+y?)/2 (top row), V(x,y) =18(x>+y?)
(second row) and the lattice potential V(x,y)=18(x*+y?)+100(sin? (47rx) +sin®(47ry)) (third row) for B=5

and 0 =0 (left column), =4 (middle column) and 0 =16 (right column).

4.1 For different f under a fixed >0
When 0 < B <1, we have the following approximations for the ground state and the

ground state energy.
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Lemma 4.1. When 0<B <1, i.e. weakly repulsive interaction regime, the ground state (])5"7 can
be approximated as

() mo ) TXj a
95" (%) ~ ¢y (x) 22A0]I_Ism< L >, xeq, (4.1)
where Ag= ; and the corresponding energy and chemical potential can be approximated as
j=1Li
- 1d
1 24 AE (T (0+3)T(3)
E.(B, 2y - 0 2/ 2 , 4.2
sBo) = ZL T er ) | Te+2) +o(p) (42)
- 1d
2 d 1 2Uet) A28 I T (0+3)I ()
—) . = . 4.
yg(ﬁ’o-) 2 ] L]2+ 7Td r(0.+2) +O(ﬁ) ( 3)

Proof. When B =0, the NLSE (1.1) becomes linear and the ground state can be computed

as ¢3(x). When 0< <1, we can approximate the ground state ¢y (x) by ¢?(x). Plugging
(4.1) into (1.4) and (1.3) with V(x) =0, we get (4.2) and (4.3), respectively. O

Remark 4.1. Analogous to the harmonic potential case, we can show that (])g’a — (])2 in Hy
as p— 0" with general ¢ >0 or f— 0 with ¢ > 0 satisfying do < 2.

When > 1, similar to the harmonic potential case, we adopt the TF approximation
for the ground state.

Lemma 4.2. When B> 1, i.e. strongly repulsive interaction regime, the ground state can be

approximated as
1

VITE 1L

and the corresponding energy and chemical potential can be approximated as

P () gt (x) = x€Q, (4.4)

(Bo) =g =AFB, p>1. (4.5)

~1TTF __
Es(po)~Eg" = (7+1

Proof. Similar to the proof in Lemma 3.2, we drop the diffusion term in (1.1) with V(x)=0
and get

He 95t () =Blog" ([ ps"(x),  xeQ. (4.6)
Solving the above equation, we get

piF 0= (1 /8)",  xeQ. (A7)

ygTF can be determined by plugging (4.7) into the normalization condition (1.2). And thus
we obtain (4.4). Inserting (4.4) into (1.3), we obtain E;;FF . O
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Note that the TF approximation (4.4) does not satisfy the homogeneous Dirichlet BC.
Therefore, the approximation is not uniformly accurate. In fact, there exists a boundary
layer along d() in the ground state when >>1. Similar to the case of c=1 [9,10], by using
the matched asymptotic expansion method, we can obtain an approximation which is
uniformly accurate when > 1.

Lemma 4.3. When $>>1, i.e. strongly repulsive interaction regime, a uniformly accurate ground
state approximation can be given as

g’ () =" (x) (”%) H%x,, uh, (4.8)

where ¢ (X;L, 1) = @o (X\/H) + @0 (L—%)\/H) = @0 (L\/H), ¢o(Ljy/pi4) =1 and py'4 ~
te(B,0)=O(B) is the approximate chemical potential determined by the normalization condition
(1.2) and ¢, (x) satisfies the problem
9o(x)=—307(x)+9z"(x),  0<x<+oo,
¢+(0)=0, lim ¢ (x)=1. (49)
X—>+00
Proof. For the simplicity of notation, we only prove it in 1D here. Extension to higher di-
mensions can be done via dimension-by-dimension. When d =1, there are two boundary
layers in the ground state at x; =0 and x; =L, respectively. Near x; =0, we introduce the
new variables

B
Hg(B,0)

Substituting (4.10) into (1.1) withd=1, Q= (0,L;) and V(x) =0 and then removing all,
we get (4.9). After obtaining the solution of (4.9), an inner approximation of the ground
state near x; =0 is given as

ke(B,0), W)z( )%qb(xl), %10, (4.10)

1
)\
¢ (x1) = (Vg(g )> Po (x1 ug(/%,a)), 0<x < 1. (4.11)
Similarly, we can get the inner approximation of the ground state near x; =L, as
1
o )\
¢y (s)~ (%) Po (s yg(ﬁ,a)), 0<s:=Lj—x;<1. (4.12)

Combining (4.11), (4.12) and the outer TF approximation (4.4), using the matched asymp-
totic expansion method via denoting ygF and 14 (B,0) by yg/lA, we can obtain (4.8). O
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When =1, the solution of (4.9) is given as ¢ (x)=tanh(x) for x>0[9,10]. For 0<c#1,
in general, the problem (4.9) cannot be solved explicitly. By a mathematical analysis (see
details in Appendix 5), we have

Lemma 4.4. For any o >0, the solution ¢, (x) of (4.9) is a strictly increasing function for x >0

and satisfies ¢[,(0) =/ az—jr’l In addition, when o — 400, we have

sin(\/ix), 0<x< %,

4.13
L N (4.13)

Por(X) = Poo(x) = {

Combining Lemmas 4.3 and 4.4, we get the width of the boundary layers in the
ground state in strongly repulsive interaction regime, i.e. 5>>1, is of order O(ﬁ) for

any ¢ >0, which is the same as in the GPE case [9,10].

As for the case p — —co with do < 2, the limiting ground state should be the same
as for the harmonic potential case since there is no external potential term in (3.18). The
details are omitted here for brevity.

Now we check the accuracy of the energy asymptotics in Lemmas 4.1 and 4.2. Fig. 6
shows the relative error of the energy approximation of the ground state, i.e. e(p):=
|E(B2)—E™|

Eg(2)
to0as p—0 or f— co.

when o =2 for different > 0. As shown in the figure, the relative error goes

0.02 =
0.2}°
o
0.015
5 50.15] ©
L0 ° L0 °
() ()
> 0.01 2 o
g g 01 °,
[} [J] o
o o hd ° 4
0.005 0.05 ° %0 o,
o
o 0
0 05 1 5 15 2 2000 4000 56000 8000 10000

Figure 6: Relative errors of the energy approximation of the ground state for the NLSE with L=1 and 0 =2 in
1D with the box potential in the weak (left) and strong (right) interaction regimes.

4.2 When ¢ — oo under a fixed >0

Here we assume >0 is a given constant and we shall study the limit of the ground state

4)5"7 when ¢ — co. For simplicity, we will only consider the NLSE in 1D on a bounded
interval Q= (0,L) with L>0.
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Lemma 4.5. For any given >0, when o — oo, we have:
(i) If 0< L <1, the ground state converges to the TF approximation

. 1
g’ (x)—>¢§F(X):ﬁ, 0<x<L, (4.14)
Mg (Bo)~ L‘fil — %, Eg(,B/U) ~ ﬁ — 00, (4.15)

(ii) If L > 2, the ground state converges to the linear approximation

2 X
TN o b0 () — « | Z i (T2
Ps (x)Ngbg(x)—\/Zsm( 7 >, 0<x<IL, (4.16)
2 2B (2\|T(e+3)T(3)| P
ug(Bo) = f‘i"? <Z> T T(o+2) 51 (4.17)
7 28 2\7 | T(c+3)I(3) 2
Eg@'”)N@*m(z) T+ | (418)
(iii) If 1 <L <2, the ground state converges to
sin(z(;ffl)), 0<x<L-1,
¢ (%) = g (x) =11, L-1<x<1, (4.19)
sin("g%:fl_)z)), 1<x<IL,
T2 T2

Proof. Similar to the proof in Lemma 3.3, we need to determine which term on the left
hand side of (1.1) is negligible when ¢ >>1. In the region where |¢(x)| <1, the nonlinear
term can be dropped and we get the linear approximation, whose solution is the sine
function. In the region where |¢(x)| > 1, the diffusion term can be dropped and we get
the TF approximation, whose solution is a constant. Therefore, there are three possible
cases concerning the limit 4)5"7(3() — ¢?PP(x) for 0 < x < L when o — +-o0: (i) |$?PP(x)| >1
for all x€ (0,L), (ii) [¢*PP(x)| <1 for all x € (0,L), and (iii) there exists 0 < x. < L/2 such
that |p?PP(x)| >1 for x € [x.,L —x ] and |$?PP(x)| < 1 otherwise.

(i) When 0< L <1, the TF approximation suggests that ¢?PP (x)=+/1/L>1 for 0<x<L.
Note that the requirement that . inf L(Papp (x) >1 implies that L <1. Therefore, we get the
<x<
necessary and sufficient condition about L for (4.14) to be true.
(i) When L > 2, the linear approximation suggests that $2PP(x) = #sin (2¥) <1 for
0<x<L. Note that the requirement that sup,,_,_; $*PP(x) <1 implies that L>2. Therefore,
we get the necessary and sufficient condition about L for (4.16) to be true.
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(iii) When 1 < L <2, we may expect neither the linear approximation nor the TF ap-
proximation is valid for 0<x < L. Instead, a combination of the linear approximation and
TF approximation should be used. To be more specific, for any fixed ¢ >0, when >>1,
there exists a constant x7 such that when x € (0,x7) or x€ [L—x7,L], the linear approxima-
tion is used; and when x € [x?,L—xY], the TF approximation which is a constant, should

be used. For x € [x{,L—x{], assuming that ¢7(x) = A; with A, >0 is a constant to be
determined, the approximate solution in (0,x{) must be ¢g(x) = A,sin (%) in order to
make the combined solution to be C! continuous. Now we need to determine the value

of A, and x{. By the normalization condition (1.2), we get

1 5 xg L L -
3= ) s Pax= [ g Pas [CpgoPas=a2(5-% ). aay

Thus, we have
1

VL=x7"

In [0,x7), dropping the nonlinear term in (1.1) and substituting the approximate solution
into it, we get

Ay=

(4.22)

2

T
In [x7,L—x7], dropping the diffusion term in (1.1), we get
pe=BAY. (4.24)
Combining (4.23) and (4.24), we obtain
7_[2 1/0
A2= : 42
= (spteer) 2
Inserting (4.22) into (4.25), we have
1
™ \° 1
(813(xé')2> S L-xg’ (420

Letting o — oo and assuming x? — x, and A, — A, we have 1= L%%, which implies that
x.=L—1and we get A=1 via (4.22) when 0 —c0. Thus we get (4.19) when 0 — 0. ¢ (p,0)
can be computed from (4.23) and E¢(B,00) is from definition (1.4), i.e.

. LT o, P 0 |20+2
Eo(poo) = Jim [ |51V 00 e Eplof o2
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However, direct computation by using (4.19) may be unreasonable because we cannot
.. 1 ,0
get the limit of [, |¢g

1 , . o
[;_ 1|95 |*+2dx is bounded, which is true because

27424x. In fact, to get Eq(B,00), we only need the upper limit of

1 2
<1 B.o 2(7+2d < li — L
otimsup [ 98" < Jim s (6.0) = g
It follows that lim,_,« fOL ULil ¢ [ 2dx =0 and
. L 0 (2 L1 ,0012 7'[2
Eg(f,00) = lim ; 51 Vg de/O IV dx—m-
This completes the proof. O

Now we check our asymptotic results in Lemma 4.5. Fig. 7 plots the ground states
with g =1 for different ¢ and L, and Fig. 8 depicts the ground state energy with =1
and L =1.2 for different c. From Figs. 7 and 8, our asymptotic results in Lemma 4.5
are confirmed. Fig. 9 plots the ground state computed in 2D. Similar to the 1D case, the
bifurcation of the ground state is observed.

15
---------------------- 1 SOTTLLL LN
0.8
= o
s S o6
N = Es)
:2;22 0.4 —-g;:sg
0.2} /
0
0.3 0.6 0 05 1 15
x xr
N
0.8
=06
b’@}
0.4
0.2
T

Figure 7: Ground states of the NLSE in 1D with =1 and the box potential for different ¢ and L=0.9<1
(upper left), 1< L=1.5<2 (upper right) and L=2.0 (bottom).
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Figure 8: Ground state energy of the NLSE in 1D with f=1, L=1.2 and different ¢ under the box potential.
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Figure 9: Ground states 4)5’0 under the box potential in Q= (0,1)? (top row), Q= (0,1.5)? (second row) and
Q=(0,2.2)? (third row) for =5 and =0 (left column), c =4 (middle column) and ¢ =16 (right column).
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5 Conclusions

We generalized the existence and uniqueness of the ground state from the Gross-Pitaevskii
equation (GPE) to the nonlinear Schrodinger equation (NLSE). In addition, we studied
asymptotically the ground states and their corresponding energy and chemical potential
of the NLSE with different nonlinearities. For NLSE with a fixed nonlinearity under a box
or a harmonic potential, we derived explicitly the approximations of the ground state
and the corresponding energy and chemical potential. If we let the nonlinearity com-
ponent ¢ — oo and fix the interaction strength, we observed different limiting patterns
and called this phenomenon the “bifurcation of the ground state”. The characterization
of the ground state in 1D in each pattern and the corresponding leading order energy
asymptotics were derived explicitly and verified numerically. Similar phenomenon was
observed in higher dimension case as well.

Appendix A: Proof of Lemma 4.4

Multiplying (4.9) by ¢, (x), we get

1 / 1 2\’ 1 /
5 (030) =7 ((00@)*) T35 (072R), x>0 (A1)
Therefore, we have
1 2 1
(P%r(x):—i(%(x)) +U—+1g0§‘7+2(x)+C, x>0, (A.2)

where C is the integrating constant. When x — +o0, we have ¢,(x) —1 and ¢/, (x) —0. So
(%

we get C= . Letting x=01in (A.2), we get

140
, - 20
@b (0)=4/ i 70 (A.3)

For 0 >0, by using the maximum principle, we have 0< ¢, (x) <1 for x>0. When ¢ — oo,
we have ¢271(x) — 0 for x > 0. Therefore, when ¢ — oo, noting (A.3), the problem (4.9)

converges to the following linear problem:

9000(35):—19022(36), x>0,
{¢w(0>=0, 2 9 (0)= V2. (A4)

Solving this problem, we obtain (4.13) immediately. O

To illustrate the solution ¢, (x) of (4.9), Fig. 10 plots ¢, (x) obtained numerically for
different o. From this figure, we can see that: (i) For any 0 >0, ¢,(x) is a monotonically
increasing function. (ii) When o — +00, ¢,(x) converges to ¢u(x) uniformly for x >0 (cf.
Fig. 10).
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Figure 10: Plots of the solution ¢, (x) of the problem (4.9) for c=1,3,10,00 (with the order from right to left).
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