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Abstract. We study analytically the existence and uniqueness of the ground state of
the nonlinear Schrödinger equation (NLSE) with a general power nonlinearity de-
scribed by the power index σ≥0. For the NLSE under a box or a harmonic potential,
we can derive explicitly the approximations of the ground states and their correspond-
ing energy and chemical potential in weak or strong interaction regimes with a fixed
nonlinearity σ. Besides, we study the case where the nonlinearity σ→∞ with a fixed
interaction strength. In particular, a bifurcation in the ground states is observed. Nu-
merical results in 1D and 2D will be reported to support our asymptotic results.
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1 Introduction

In this paper, we will consider the dimensionless time-independent nonlinear Schrödinger
equation (NLSE) in d dimensions (d=3,2,1) [3, 4, 8, 13, 21, 22]

[

−1

2
∆+V(x)+β|φ(x)|2σ

]

φ(x)=µφ(x), x∈Ω⊆R
d, (1.1)

where φ :=φ(x) is the wave function (or eigenfunction) satisfying the normalization con-
dition

‖φ‖2
2 :=

∫

Ω
|φ(x)|2dx=1, (1.2)
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V :=V(x) is a given real-valued potential bounded below, β≥ 0 is a dimensionless con-
stant describing the repulsive (defocussing) interaction strength, σ≥0 represents different
nonlinearities, and the eigenvalue (or chemical potential in physics literature) µ :=µ(φ)
is defined as [3, 4, 13, 21]

µ(φ)=E(φ)+
σβ

σ+1

∫

Ω
|φ(x)|2σ+2dx, (1.3)

with the energy E :=E(φ) defined as [4, 22]

E(φ)=
∫

Ω

[

1

2
|∇φ(x)|2+V(x)|φ(x)|2+ β

σ+1
|φ(x)|2σ+2

]

dx. (1.4)

If Ω is bounded, the homogeneous Dirichlet BC, i.e. φ(x)|∂Ω = 0, needs to be imposed.
Thus, the time-independent NLSE (1.1) is a nonlinear eigenvalue problem under the
constraint ‖φ‖ = 1. It is a mean field model arising from Bose-Einstein condensates
(BECs) [2,3,13,16], nonlinear optics [12], and some other applications [1,21,22] that can be
obtained from the N-body Schrödinger equation via the Hartree ansatz and mean field
approximation [4, 11, 19, 21]. When β = 0 or σ = 0, it collapses to the time-independent
Schrödinger equation. When σ= 1, the nonlinearity is cubic and it is usually known as
the Gross-Pitaevskii equation (GPE) [3, 13, 14, 21]. When σ=2, the nonlinearity is quintic
and it is used to model the Tonks-Girardeau (TG) gas in BEC [15, 17, 19, 23].

The ground state of the NLSE (1.1) is usually defined as the minimizer of the non-
convex minimization problem (or constrained minimization problem) [3, 4, 13, 16]

φg =argmin
φ∈S

E(φ), (1.5)

where S= {φ|‖φ‖2
2 :=

∫

Ω
|φ(x)|2dx= 1, E(φ)<∞, φ|∂Ω = 0 if Ω is bounded}. Since S is

a nonconvex set, the problem (1.5) is a nonconvex minimization problem. It is easy to
see that the ground state φg satisfies the time-independent NLSE (1.1). Hence it is an
eigenfunction (or stationary state) of (1.1) with the least energy.

The main purpose of this paper is to study the existence and uniqueness of the ground
state of the NLSE and its approximations under a box or a harmonic potential in special
parameter regimes. The rest of this paper is organized as follows. In Section 2, we study
analytically the existence, uniqueness and nonexistence of the ground state of the NLSE.
In Section 3, we derive the ground state approximations and energy asymptotics under a
harmonic potential for different β’s and σ’s. Similar results are presented in Section 4 for
the NLSE under a box potential. Some conclusions are drawn in Section 5.

2 Existence and uniqueness

In this section, we will generalize the existence and uniqueness results for the GPE case
[4,20,24], where σ=1, to a general case with a nonnegative σ. For simplicity, we introduce
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the function space

X=
{

φ∈H1(Rd)
∣

∣‖φ‖2
X =‖φ‖2+‖∇φ‖2+‖φ‖2

LV
<∞

}

,

where ‖φ‖2
LV

:=
∫

Rd V(x)|φ(x)|2 dx. The following embedding results hold [4].

Lemma 2.1. Under the assumption that V(x) is nonnegative and satisfies the confining condi-
tion, i.e. lim|x|→∞V(x)=∞, for x∈R

d where d=1,2,3, we have that the embedding X →֒Lp(Rd)
is compact provided that exponent p satisfies











p∈ [2,6), d=3,

p∈ [2,∞), d=2,

p∈ [2,∞], d=1.

(2.1)

In the d-dimensional space, where d = 1,2,3, let Cb(d,σ) be the best constant in the
following inequality [24]

Cb(d,σ) := inf
0 6= f∈H1(Rd)

‖∇ f‖dσ‖ f‖2+(2−d)σ

‖ f‖2σ+2
2σ+2

. (2.2)

Then we have the following theorem regarding the existence and uniqueness of the
ground state.

Theorem 2.1. (Existence and uniqueness) Suppose V(x)≥ 0 satisfies the confining condition,
i.e. lim|x|→∞V(x)=+∞, where x∈R

d, then there exists a minimizer φg∈S for (1.5) if one of the
following conditions holds:

(i) β∈R for 0<dσ<2;

(ii) β>− (σ+1)
2 Cb(d,σ) when dσ=2;

(iii) β≥0 for dσ>2.

Furthermore, the ground state can be chosen as nonnegative |φg|, and φg = eiθ |φg| for some
constant θ∈R. For σ>0 and β≥0, the nonnegative ground state is unique.

In contrast, there exists no ground state if one of the following conditions holds:

(i’) β≤− (σ+1)
2 Cb(d,σ) when dσ=2;

(ii’) β<0 for dσ>2.

Proof. We separate the proof into the existence and nonexistence part.

(1) Existence. The inequality [18]

|∇|φ(x)||≤ |∇φ(x)|, a.e. x∈R
d, (2.3)

implies
E(φ)≥E(|φ|), (2.4)
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where the equality holds iff φ= eiθ |φ| for some constant θ ∈R. Therefore, it suffices to
consider the real-valued functions for the rest part of the proof.

We first claim that the energy is bounded from below under the condition (i), (ii) or
(iii). For case (iii), it is trivial to see that the energy is bounded below by 0. For case (i)
or (ii), the lower boundedness can be shown via the Gagliardo-Nirenberg inequality. For
any φ∈S, the Gagliardo-Nirenberg inequality implies

‖φ‖L2σ+2(Rd)≤
1

Cb(d,σ)
‖∇φ‖ dσ

2σ+2 ‖φ‖ 2+(2−d)σ
2σ+2 , (2.5)

where σ is required to satisfy 0<σ≤2 when d=3 and σ>0 when d=1 or 2. For case (i),
noticing dσ<2 and applying the Hölder’s inequality, we have

‖φ‖2σ+2
L2σ+2(Rd)

≤ 1

Cb(d,σ)
‖∇φ‖dσ‖φ‖2+(2−d)σ≤ ε‖∇φ‖2+C(d,σ,ε), (2.6)

which yields the claim by choosing a sufficiently small ε.
For case (ii), we have dσ=2 and the inequality (2.5) now becomes

‖φ‖2σ+2
L2σ+2(Rd)

≤ 1

Cb(d,σ)
‖∇φ‖2‖φ‖4/d =

1

Cb(d,σ)
‖∇φ‖2. (2.7)

If β>− (σ+1)
2 Cb(d,σ), there exists ε>0 such that β=− (1−ε)(σ+1)

2 Cb(d,σ). Then we have

1

2
‖∇φ‖2+

β

σ+1
‖φ‖2σ+2

L2σ+2(Rd)
=

ε

2
‖∇φ‖2

>0, (2.8)

and therefore the energy (1.4) is bounded from below.
Hence for cases under condition (i), (ii) or (iii), we can take a sequence {φn}∞

n=1 to
minimize the energy (1.4) in S, and the sequence is uniformly bounded in X as indicated
from (2.8). Taking a weakly convergent subsequence, which is denoted as the original
sequence for simplicity, we have

φn
⇀φ∞, weakly in X. (2.9)

Lemma 2.1 ensures that {φn}∞
n=1 converges to φ∞ in Lp where p is given in Lemma 2.1,

and we get ‖φ∞‖=1 in particular by taking p=2. Further, from the lower-semicontinuity
of the H1 norm and Fatou’s lemma, we can show E(φ∞)≤liminfn→∞ E(φn), which implies
that φ∞ ∈S is indeed a ground state. Thus we proved the existence of the ground state.
When β≥0 and σ>0, the uniqueness of the ground state comes from the strict convexity
of the energy functional.

(2) Nonexistence. We take φ(x)=π−d/4e−|x|2/2 and φε(x)= ε−d/2φ(x/ε). It is easy to
check that ‖φε(x)‖=‖φ(x)‖=1 for all ε>0 and

E(φε)=
‖∇φ‖2

2

1

ε2
+

β‖φ‖2σ+2
2σ+2

(σ+1)

1

εdσ
+O(1). (2.10)
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Under condition (ii’), i.e. β<0 and dσ>2, we have E(φε)→−∞ as ε→0+ and therefore

there exists no ground state. For case (i’) when β <− (σ+1)
2 Cb(d,σ), we have − 2β

σ+1 >

Cb(d,σ) and therefore may choose φb(x) satisfying ‖φb‖=1 and 1
2‖∇φb‖2+ β

σ+1‖φb‖2σ+2
2σ+2<

0. Then we have

E(φε
b)=

(

1

2
‖∇φb‖2+

β

σ+1
‖φb‖2σ+2

2σ+2

)

1

ε2
+O(1)→−∞ as ε→0+. (2.11)

When β =− (σ+1)
2 Cb(d,σ), φε

b will converge to the Dirac distribution as ε → 0+ and the
infimum of the energy E will be the minimal of V(x). Therefore, under condition (i’) or
(ii’), we don’t have the ground state.

3 Approximations under a harmonic potential

In this section, we take Ω=R
d and the external potential V(x)=∑

d
j=1

γ2
j x2

j

2 to be a harmonic

potential with γj > 0, where x = (x1,x2,··· ,xd). We denote the ground state as φ
β,σ
g (x)

for given β≥ 0 and σ≥ 0, and denote the corresponding energy and chemical potential

as Eg(β,σ) = E(φ
β,σ
g ) and µg(β,σ) = µ(φ

β,σ
g ), respectively. When σ = 0, the NLSE (1.1)

collapses to a linear Schrödinger equation, which has been well studied. From now on,
we consider the case σ>0 only.

3.1 For different β under a fixed σ>0

For problems with fixed nonlinearity, Theorem 2.1 indicate that the ground state exists
for all β if dσ<2 and for all σ>0 if β≥0. Therefore, the limiting behavior of the ground
state as β→ 0 or β→∞ for general σ> 0 and β→−∞ for σ satisfying dσ < 2 will be of
great interest. For simplicity, only the isotropic case γ1=γ2= ···=γd=γ is considered in
this section.

When 0<β≪1, the results can be summarized in the following lemma.

Lemma 3.1. When 0<β≪1, i.e. the weakly repulsive interaction regime, the ground state φ
β,σ
g

can be approximated as

φ
β,σ
g (x)≈φ0

g(x) :=
d

∏
j=1

( γ

π

)
1
4
e−

γx2
j

2 , x∈R
d, (3.1)

and the corresponding energy and chemical potential can be approximated as

Eg(β,σ)=
dγ

2
+

β

(σ+1)
d+2

2

( γ

π

)
dσ
2
+o(β), (3.2)

µg(β,σ)=
dγ

2
+

β

(σ+1)
d
2

( γ

π

)
dσ
2
+o(β). (3.3)
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Proof. When β=0, all eigenfunctions of (1.1) can be expressed via the Hermite functions,
and the ground state is exactly φ0

g in (3.1). When 0 < β ≪ 1, we can approximate the

ground state φ
β,σ
g by φ0

g. Plugging (3.1) into (1.4) and (1.3) with V(x)= γ2|x|2
2 , we get (3.2)

and (3.3), respectively. The detailed computation is omitted here for brevity.

We can further prove rigorously the convergence of the approximate ground state for
this case and the result is formulated as the following theorem.

Theorem 3.1. Consider the NLSE (1.1) with σ> 0 and V(x)=∑
d
j=1γ2

j x2
j /2, where d= 1,2,3.

When β→ 0+ for general σ> 0 or β→ 0 for σ satisfying dσ< 2, we have φ
β,σ
g (x) converges to

φ0
g(x) in H1, where φ0

g(x) :=∏
d
j=1

( γj

π

)
1
4 e−

γj x2
j

2 .

Proof. We start the proof by showing the case β→0+ for general σ>0. Define

E0(φ)=
∫

Ω

[

1

2
|∇φ(x)|2+V(x)|φ(x)|2

]

dx. (3.4)

The minimizer of E0(·) exists and is unique by the strict convexity of E0(·) [4]. For 0<
β≪1, a simple computation shows that

E0(φ
0
g)≤E0(φ

β,σ
g )≤E(β,σ)≤E(φ0

g)≤E0(φ
0
g)+O(|β|). (3.5)

Therefore, limβ→0+ E(β,σ)=E0(φ0
g), and ‖∇φ

β,σ
g ‖, ‖φ

β,σ
g ‖LV

is uniformly bounded above,

i.e. ‖∇φ
β,σ
g ‖≤C and ‖φ

β,σ
g ‖LV

≤C for some constant C.

The boundedness of the H1 norm implies that there exists φ̃∈ H1 such that φ
β,σ
g → φ̃

weakly in H1. We claim that φ
β,σ
g → φ̃ strongly in L2. For any η > 0, the confinement of

the external potential implies that there exists R such that when |x|>R, V(x)> C
η . As a

result,
∫

|x|>R
|φβ,σ

g |2 dx≤ η

C

∫

|x|>R
V(x)|φβ,σ

g |2 dx≤η. (3.6)

While in the bounded domain {x||x|≤R}, the Sobolev embedding theorem implies that

φ
β,σ
g → φ̃ strongly in L2. It follows that

limsup
β→0+

∫

Rd
|φβ,σ

g −φ̃|2 dx≤4η. (3.7)

Since η is arbitrary, we proved our claim. Consequently, ‖φ̃‖=1 and φ̃∈S.
Further, we claim that φ̃=φ0

g. In fact, from the lower-semicontinuity of the H1 norm
and the Fatou’s lemma, we have

E0(φ̃)≤ liminf
β→0+

E(β,σ)=E0(φ
0
g). (3.8)
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Therefore, φ̃ is a ground state and we must have φ̃=φ0
g by the uniqueness of the ground

state. What’s more, we have E0(φ̃) = limβ→0+ E(β,σ). As a consequence, ‖∇φ0
g‖ =

limβ→0+‖∇φ
β,σ
g ‖. Combining the equation and the weak convergence of φ

β,σ
g , we will

get φ
β,σ
g →φ0

g strongly in H1.
For the case β → 0 with dσ < 2, the Gagliardo-Nirenberg inequality implies that

‖φ
β,σ
g ‖2σ+2

2σ+2≤‖∇φ
β,σ
g ‖+C1. Therefore for the lower bound part of (3.5),

E(β,σ)≥ (1−O(|β|))E0(φ
β,σ
g )−O(|β|)≥ (1−O(|β|))E0(φ

0
g)−O(|β|), (3.9)

and thus we still have limβ→0+ E(β,σ)=E0(φ0
g) and the uniform boundedness of ‖∇φ

β,σ
g ‖

and ‖φ
β,σ
g ‖LV

. The remained part of the proof is essentially the same and is omitted here
for brevity.

When β≫ 1, we have the following lemma about the approximation of the ground
state.

Lemma 3.2. When β≫1, i.e. the strongly repulsive interaction regime, the ground state can be
approximated as

φ
β,σ
g (x)≈φTF

g (x)=











(

µTF
g −γ2|x|2/2

β

)
1

2σ

, γ2|x|2 ≤2µTF
g ,

0, otherwise,

(3.10)

and the corresponding energy and chemical potential can be approximated as

µg(β,σ)≈µTF
g =

(

β
1
σ γd

2
d
2−1dCdB( d

2 ,1+ 1
σ )

)
1

d
2 + 1

σ

, (3.11)

Eg(β,σ)≈ETF
g =

2+dσ

2σ+2+dσ
µTF

g , β≫1, (3.12)

where B(a,b) is the standard beta function and Cd = 2 when d = 1, Cd = π when d = 2 and
Cd=4π/3 when d=3.

Proof. Set φε
g(x)= ε−d/2φ

β,σ
g (x/ε) with ε=β− 1

2+dσ and define

Eε(φ)=
∫

Rd

(

ε4

2
|∇φ|2+V(x)|φ|2+ 1

σ+1
|φ|2σ+2

)

dx. (3.13)

It is easy to check that ε→0+ as β→+∞ and φε
g minimizes Eε(·) iff φ

β,σ
g minimizes E(β,σ).

From (3.13), it is natural to assume that the ground state φε
g converges to the ground state

of the following energy as ε→0,

E∞(φ)=
∫

Rd

(

V(x)|φ|2+ 1

σ+1
|φ|2σ+2

)

dx, (3.14)
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which drops the kinetic energy part. The minimizer of (3.14) is usually called the Thomas-
Fermi (TF) approximation in the literature. The Euler-Lagrange equation of (3.14) implies
the TF approximation satisfies the following equation

γ2|x|2
2

φTF
g (x)+β|φTF

g (x)|2σφTF
g (x)=µTF

g φTF
g (x), x∈R

d. (3.15)

Solving the above equation, we get (3.10). Substituting (3.10) into (1.2) and (1.3), we get
(3.11) and (3.12), respectively. The detailed computation is omitted here for brevity.

Now we consider the case β→−∞ when dσ < 2. In this case, there will be a strong

attractive interaction between particles. Set φε
g(x) = εd/2φ

β,σ
g (εx) with ε = |β|− 1

2−dσ and
define

Eε
−(φ)=

∫

Rd

(

1

2
|∇φ|2+ε4V(x)|φ|2− 1

σ+1
|φ|2σ+2

)

dx. (3.16)

Easy to see ε → 0+ as β →−∞. Again φε
g minimizes Eε

−(·) iff φ
β,σ
g minimizes E(β,σ).

From (3.16), it is natural to assume that ground state φε
g converges to the state φ− which

minimizes the following energy

Er(φ)=
∫

Rd

(

1

2
|∇φ|2− 1

σ+1
|φ|2σ+2

)

dx. (3.17)

This implies that we can approximate the ground state φ
β,σ
g by the ground state of the

following nonlinear eigenvalue problem when β<0 and |β|≫1,

[

−1

2
∆+β|φ(x)|2σ

]

φ(x)=µφ(x), x∈Ω⊆R
d. (3.18)

Notice that there is no external potential term in the equation (3.18), the approximation
does not depend on the external potential we choose.

Here we provide accuracy tests for the asymptotic results shown in Lemma 3.1 and
Lemma 3.2. The BEFD method proposed in [7] can be modified easily to compute the
ground state of the NLSE (1.1). In Fig. 1, the red dots denotes the ground state energy
computed numerically and the blue line shows the asymptotic approximations, where
the part in the small subfigure on the left is from (3.2) and the part for large β’s on the
right is from (3.12). From Fig. 1, we can see that our approximations agree with the exact
values very well in both weak and strong interaction regimes.

3.2 When σ→∞ under a fixed β>0

In this section, we fix β > 0 and study the limit of the ground state φ
β,σ
g as σ →∞. For

simplicity, we will only consider the NLSE (1.1) in 1D under the harmonic potential

V(x)= γ2x2

2 for some γ>0.
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Figure 1: The ground state energy of the NLSE (1.1) in 1D under a harmonic potential with σ= 2 (quintic
nonlinearity for TG gas) and γ=3 for different β.

Lemma 3.3. For any given β>0, when σ→∞, we have:

(i) If 0<γ≤π, the ground state converges to the linear approximation

φ
β,σ
g (x)≈φ0

g(x)=
( γ

π

)
1
4
e−

γx2

2 , x∈R, (3.19)

Eg(β,σ)≈ γ

2
+

β

(σ+1)
3
2

( γ

π

)
σ
2 → γ

2
, µg(β,σ)≈ γ

2
+

β

(σ+1)
1
2

( γ

π

)
σ
2 → γ

2
. (3.20)

(ii) If γ>π, the ground state converges to

φ
β,σ
g (x)→ψ

γ
g (x)=











ϕ(−x), x<−xγ,

1, −xγ ≤ x≤ xγ,

ϕ(x), x> xγ,

(3.21)

where ϕ(x) is the unique positive ground state of the following linear eigenvalue problem with µ
the corresponding eigenvalue







µϕ(x)=− 1
2 ϕ′′(x)+ γ2x2

2 ϕ(s), x> xγ,

ϕ(xγ)=1, ϕ′(xγ)=0, lim
x→+∞

ϕ(x)=0,
(3.22)

with the constant xγ≥0 determined by

xγ+
∫ ∞

xγ

|ϕ(x)|2dx=
1

2
. (3.23)
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Proof. In order to find the limit of φ
β,σ
g (x) when σ → ∞, the main idea is to determine

which term on the left hand side of (1.1) is negligible when σ>>1. Note that

lim
σ→∞

a2σ =







0, if |a|<1,
1, if a=1,
+∞, if a>1.

(3.24)

In the region where |φ(x)|<1, the nonlinear term can be dropped and we get the linear
approximation, whose solution is the Gaussian function. In the region where |φ(x)|>1,
the diffusion term can be dropped and we get the TF approximation. Therefore, there

are two possible cases about the limit φ
β,σ
g (x)→ φapp(x) for x ∈ R when σ →+∞: (i)

|φapp(x)|≤ 1 for all x∈R, (ii) there exists a xc ≥ 0 such that |φapp(x)|> 1 for x∈ [−xc,xc]
and |φapp(x)|<1 otherwise.

(i) When 0<γ≤π, the linear approximation suggests that φapp(x)=
( γ

π

)
1
4 e−

γx2

2 ≤1 for
x∈R. Note that the requirement that supx∈R

φapp(x)≤1 implies that 0<γ≤π. Therefore,
we get the necessary and sufficient condition about γ for (3.19) to be true.

(ii) When γ>π, we may expect neither the linear approximation nor the TF approx-
imation is valid for x ∈ R. Instead, a combination of the linear approximation and TF
approximation should be used. To be more specific, for any fixed σ > 0, when β >> 1,
there exists a constant xσ

c ≥ 0 such that when x ∈ (−∞,xσ
c )∪(xσ

c ,∞), the linear approxi-

mation is used; and when x∈ [−xσ
c ,xσ

c ], the TF approximation φ(x)=
( µg−γ2x2/2

β

)
1

2σ which

goes to the constant 1 as σ→∞. Therefore, we can simply use the constant function 1 in
the case. The constant xσ

c can be determined by the normalization condition (1.2). Let-
ting σ→∞ and assuming xσ

c → xγ, we get (3.21) when σ →∞. Plugging (3.21) into the
normalization condition (1.2), we obtain (3.23).

In order to check our asymptotic results in Lemma 3.3, we solve the time-independent
NLSE (1.1) numerically by using the normalized gradient flow via backward Euler finite
difference discretization [4–7] to find the ground states and the corresponding energy.
Fig. 2 plots the ground states with β=1 for different σ and γ, Fig. 3 shows the numerical
solution of (3.22) while Fig. 4 depicts the energy asymptotics with β = 1 and γ = 3 for
different σ. One thing that needs to be pointed out is that we can speculate the solution
to (3.22) have the following properties from Fig. 3:

(i) xγ→0, and ψ
γ
g (x)→ψπ

g (x)= e−
πx2

2 when γ→π;

(ii) xγ →0.5 and ψ
γ
g (x)→ψ∞

g (x)=1−1{|x|≥0.5} when γ→∞.

Fig. 5 plots the ground states in 2D under different potentials and with different non-
linearities. Again we observed different limiting patterns depending on the value of
γ, which is similar to the 1D case. We call this phenomenon to be the bifurcation of the

ground state. The ground state φ
β,σ
g will converge to φ0

g(x) (3.1) as σ→∞ if max|φ0
g(x)|<1.

Otherwise, it will converge to a function whose peaks are flat and the peak values are
close to 1.
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Figure 2: Ground states of the NLSE in 1D with β=1 and γ=3<π (top) and γ=6>π (bottom) for different
nonlinearities, i.e. different values of σ.
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Figure 3: Numerical solution of (3.22). The circles denote the points (xγ,1) corresponding to the different γ’s.

4 Approximations under a box potential

In this section, we take Ω=∏
d
j=1(0,Lj) with Lj>0 for j=1,··· ,d and V(x)≡0 for x∈Ω in

the NLSE (1.1) with the homogeneous Dirichlet BC. For σ=0, the NLSE (1.1) collapses to
the linear Schrödinger equation. From now on, we assume σ>0.
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Figure 4: The ground state energy of the NLSE (1.1) in 1D under a harmonic potential with β= 1 and γ= 3
for different σ.
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Figure 5: Ground states φ
β,σ
g under the harmonic potential V(x,y)=9(x2+y2)/2 (top row), V(x,y)=18(x2+y2)

(second row) and the lattice potential V(x,y)=18(x2+y2)+100(sin2(4πx)+sin2(4πy)) (third row) for β=5
and σ=0 (left column), σ=4 (middle column) and σ=16 (right column).

4.1 For different β under a fixed σ>0

When 0 ≤ β ≪ 1, we have the following approximations for the ground state and the
ground state energy.
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Lemma 4.1. When 0≤β≪1, i.e. weakly repulsive interaction regime, the ground state φ
β,σ
g can

be approximated as

φ
β,σ
g (x)≈φ0

g(x)=2
d
2 A0

d

∏
j=1

sin

(

πxj

Lj

)

, x∈Ω, (4.1)

where A0=
1

√

∏
d
j=1 Lj

and the corresponding energy and chemical potential can be approximated as

Eg(β,σ)=
π2

2

d

∑
j=1

1

L2
j

+
2d(σ+1)A2σ

0 β

(σ+1)πd

[

Γ(σ+ 3
2)Γ(

1
2)

Γ(σ+2)

]d

+o(β), (4.2)

µg(β,σ)=
π2

2

d

∑
j=1

1

L2
j

+
2d(σ+1)A2σ

0 β

πd

[

Γ(σ+ 3
2)Γ(

1
2)

Γ(σ+2)

]d

+o(β). (4.3)

Proof. When β=0, the NLSE (1.1) becomes linear and the ground state can be computed

as φ0
g(x). When 0<β≪1, we can approximate the ground state φ

β,σ
g (x) by φ0

g(x). Plugging
(4.1) into (1.4) and (1.3) with V(x)≡0, we get (4.2) and (4.3), respectively.

Remark 4.1. Analogous to the harmonic potential case, we can show that φ
β,σ
g →φ0

g in H1

as β→0+ with general σ>0 or β→0 with σ>0 satisfying dσ<2.

When β≫ 1, similar to the harmonic potential case, we adopt the TF approximation
for the ground state.

Lemma 4.2. When β ≫ 1, i.e. strongly repulsive interaction regime, the ground state can be
approximated as

φ
β,σ
g (x)≈φTF

g (x)=
1

√

∏
d
j=1 Lj

, x∈Ω, (4.4)

and the corresponding energy and chemical potential can be approximated as

Eg(β,σ)≈ETF
g =

A2σ
0

σ+1
β, µg(β,σ)≈µTF

g =A2σ
0 β, β≫1. (4.5)

Proof. Similar to the proof in Lemma 3.2, we drop the diffusion term in (1.1) with V(x)≡0
and get

µTF
g φTF

g (x)=β|φTF
g (x)|2σφTF

g (x), x∈Ω. (4.6)

Solving the above equation, we get

φTF
g (x)=

(

µTF
g /β

)
1

2σ
, x∈Ω. (4.7)

µTF
g can be determined by plugging (4.7) into the normalization condition (1.2). And thus

we obtain (4.4). Inserting (4.4) into (1.3), we obtain ETF
g .
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Note that the TF approximation (4.4) does not satisfy the homogeneous Dirichlet BC.
Therefore, the approximation is not uniformly accurate. In fact, there exists a boundary
layer along ∂Ω in the ground state when β≫1. Similar to the case of σ=1 [9,10], by using
the matched asymptotic expansion method, we can obtain an approximation which is
uniformly accurate when β≫1.

Lemma 4.3. When β≫1, i.e. strongly repulsive interaction regime, a uniformly accurate ground
state approximation can be given as

φ
β,σ
g (x)≈φMA

g (x)=

(

µMA
g

β

)
1

2σ d

∏
j=1

φσ(xj;Lj,µ
MA
g ), (4.8)

where φσ(x;L,µ) = ϕσ

(

x
√

µ
)

+ϕσ

(

(L−x)
√

µ
)

−ϕσ

(

L
√

µ
)

, ϕσ

(

Lj

√

µMA
g

)

≈ 1 and µMA
g ≈

µg(β,σ)=O(β) is the approximate chemical potential determined by the normalization condition
(1.2) and ϕσ(x) satisfies the problem

{

ϕσ(x)=− 1
2 ϕ′′

σ(x)+ϕ2σ+1
σ (x), 0< x<+∞,

ϕσ(0)=0, lim
x→+∞

ϕσ(x)=1.
(4.9)

Proof. For the simplicity of notation, we only prove it in 1D here. Extension to higher di-
mensions can be done via dimension-by-dimension. When d=1, there are two boundary
layers in the ground state at x1=0 and x1=L1, respectively. Near x1=0, we introduce the
new variables

x̃= x1

√

µg(β,σ), ϕσ(x̃)=

(

β

µg(β,σ)

)
1

2σ

φ(x1), x1≥0. (4.10)

Substituting (4.10) into (1.1) with d=1, Ω=(0,L1) and V(x)≡0 and then removing all ,̃
we get (4.9). After obtaining the solution of (4.9), an inner approximation of the ground
state near x1=0 is given as

φ
β,σ
g (x1)≈

(

µg(β,σ)

β

)

1
2σ

ϕσ

(

x1

√

µg(β,σ)
)

, 0≤ x1≪1. (4.11)

Similarly, we can get the inner approximation of the ground state near x1= L1 as

φ
β,σ
g (s)≈

(

µg(β,σ)

β

)

1
2σ

ϕσ

(

s
√

µg(β,σ)
)

, 0≤ s := L1−x1≪1. (4.12)

Combining (4.11), (4.12) and the outer TF approximation (4.4), using the matched asymp-
totic expansion method via denoting µTF

g and µg(β,σ) by µMA
g , we can obtain (4.8).
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When σ=1, the solution of (4.9) is given as ϕ1(x)=tanh(x) for x≥0 [9,10]. For 0<σ 6=1,
in general, the problem (4.9) cannot be solved explicitly. By a mathematical analysis (see
details in Appendix 5), we have

Lemma 4.4. For any σ>0, the solution ϕσ(x) of (4.9) is a strictly increasing function for x≥0

and satisfies ϕ′
σ(0)=

√

2σ
σ+1 . In addition, when σ→+∞, we have

ϕσ(x)→ ϕ∞(x)=

{

sin(
√

2x), 0≤ x<
√

2π
4 ,

1, x≥
√

2π
4 .

(4.13)

Combining Lemmas 4.3 and 4.4, we get the width of the boundary layers in the
ground state in strongly repulsive interaction regime, i.e. β≫ 1, is of order O

(

1√
β

)

for

any σ>0, which is the same as in the GPE case [9, 10].

As for the case β →−∞ with dσ < 2, the limiting ground state should be the same
as for the harmonic potential case since there is no external potential term in (3.18). The
details are omitted here for brevity.

Now we check the accuracy of the energy asymptotics in Lemmas 4.1 and 4.2. Fig. 6
shows the relative error of the energy approximation of the ground state, i.e. e(β) :=
|Eg(β,2)−E

app
g |

Eg(β,2)
when σ=2 for different β≥0. As shown in the figure, the relative error goes

to 0 as β→0 or β→∞.
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Figure 6: Relative errors of the energy approximation of the ground state for the NLSE with L=1 and σ=2 in
1D with the box potential in the weak (left) and strong (right) interaction regimes.

4.2 When σ→∞ under a fixed β>0

Here we assume β>0 is a given constant and we shall study the limit of the ground state

φ
β,σ
g when σ →∞. For simplicity, we will only consider the NLSE in 1D on a bounded

interval Ω=(0,L) with L>0.
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Lemma 4.5. For any given β>0, when σ→∞, we have:

(i) If 0< L<1, the ground state converges to the TF approximation

φ
β,σ
g (x)→φTF

g (x)=
1√
L

, 0< x< L, (4.14)

µg(β,σ)≈ β

Lσ+1
→∞, Eg(β,σ)≈ β

(σ+1)Lσ+1
→∞. (4.15)

(ii) If L≥2, the ground state converges to the linear approximation

φ
β,σ
g (x)≈φ0

g(x)=

√

2

L
sin
(πx

L

)

, 0≤ x≤ L, (4.16)

µg(β,σ)≈ π2

2L2
+

2β

π

(

2

L

)σ
[

Γ(σ+ 3
2)Γ(

1
2)

Γ(σ+2)

]

→ π2

2L2
, (4.17)

Eg(β,σ)≈ π2

2L2
+

2β

(σ+1)π

(

2

L

)σ
[

Γ(σ+ 3
2)Γ(

1
2)

Γ(σ+2)

]

→ π2

2L2
. (4.18)

(iii) If 1< L<2, the ground state converges to

φ
β,σ
g (x)→φ∞

g (x)=















sin( πx
2(L−1)

), 0≤ x< L−1,

1, L−1≤ x≤1,

sin(π(L+x−2)
2(L−1)

), 1< x≤ L,

(4.19)

µg(β,σ)→ π2

8(L−1)2
, Eg(β,σ)→ π2

8(L−1)
. (4.20)

Proof. Similar to the proof in Lemma 3.3, we need to determine which term on the left
hand side of (1.1) is negligible when σ≫1. In the region where |φ(x)|<1, the nonlinear
term can be dropped and we get the linear approximation, whose solution is the sine
function. In the region where |φ(x)|> 1, the diffusion term can be dropped and we get
the TF approximation, whose solution is a constant. Therefore, there are three possible

cases concerning the limit φ
β,σ
g (x)→φapp(x) for 0< x< L when σ→+∞: (i) |φapp(x)|≥1

for all x∈ (0,L), (ii) |φapp(x)|≤ 1 for all x∈ (0,L), and (iii) there exists 0< xc < L/2 such
that |φapp(x)|≥1 for x∈ [xc ,L−xc] and |φapp(x)|<1 otherwise.

(i) When 0<L≤1, the TF approximation suggests that φapp(x)=
√

1/L≥1 for 0<x<L.
Note that the requirement that inf

0<x<L
φapp(x)≥1 implies that L≤1. Therefore, we get the

necessary and sufficient condition about L for (4.14) to be true.

(ii) When L ≥ 2, the linear approximation suggests that φapp(x) = 2
L sin

(

πx
L

)

≤ 1 for
0<x<L. Note that the requirement that sup0<x<L φapp(x)≤1 implies that L≥2. Therefore,
we get the necessary and sufficient condition about L for (4.16) to be true.
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(iii) When 1< L< 2, we may expect neither the linear approximation nor the TF ap-
proximation is valid for 0<x<L. Instead, a combination of the linear approximation and
TF approximation should be used. To be more specific, for any fixed σ>0, when β≫1,
there exists a constant xσ

c such that when x∈(0,xσ
c ) or x∈ [L−xσ

c ,L], the linear approxima-
tion is used; and when x∈ [xσ

c ,L−xσ
c ], the TF approximation which is a constant, should

be used. For x ∈ [xσ
c ,L−xσ

c ], assuming that φσ
g(x) = Aσ with Aσ > 0 is a constant to be

determined, the approximate solution in (0,xσ
c ) must be φσ

g (x)= Aσsin
(

πx
2xσ

c

)

in order to

make the combined solution to be C1 continuous. Now we need to determine the value
of Aσ and xσ

c . By the normalization condition (1.2), we get

1

2
=
∫ L

2

0
|φσ

g (x)|2dx=
∫ xσ

c

0
|φσ

g (x)|2dx+
∫ L

2

xσ
c

|φσ
g (x)|2dx=A2

σ

(

L

2
− xσ

c

2

)

. (4.21)

Thus, we have

Aσ=
1√

L−xσ
c

. (4.22)

In [0,xσ
c ), dropping the nonlinear term in (1.1) and substituting the approximate solution

into it, we get

µg =
π2

8(xσ
c )

2
. (4.23)

In [xσ
c ,L−xσ

c ], dropping the diffusion term in (1.1), we get

µg =βA2σ
σ . (4.24)

Combining (4.23) and (4.24), we obtain

A2
σ=

(

π2

8β(xσ
c )

2

)1/σ

. (4.25)

Inserting (4.22) into (4.25), we have

(

π2

8β(xσ
c )

2

)

1
σ

=
1

L−xσ
c

. (4.26)

Letting σ→∞ and assuming xσ
c → xc and Aσ → A, we have 1= 1

L−xc
, which implies that

xc=L−1 and we get A=1 via (4.22) when σ→∞. Thus we get (4.19) when σ→∞. µg(β,∞)
can be computed from (4.23) and Eg(β,∞) is from definition (1.4), i.e.

Eg(β,∞)= lim
σ→∞

∫ L

0

[

1

2
|∇φ

β,σ
g |2+ β

σ+1
|φβ,σ

g |2σ+2

]

dx.
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However, direct computation by using (4.19) may be unreasonable because we cannot

get the limit of
∫ 1

L−1
|φβ,σ

g |2σ+2dx. In fact, to get Eg(β,∞), we only need the upper limit of
∫ 1

L−1 |φ
β,σ
g |2σ+2dx is bounded, which is true because

0≤ limsup
σ→∞

β
∫ 1

L−1
|φβ,σ

g |2σ+2dx≤ lim
σ→∞

µg(β,σ)=
π2

8(L−1)2
.

It follows that limσ→∞

∫ L
0

β
σ+1 |φ

β,σ
g |2σ+2dx=0 and

Eg(β,∞)= lim
σ→∞

∫ L

0

1

2
|∇φ

β,σ
g |2dx≈

∫ L

0

1

2
|∇φ

β,∞
g |2dx=

π2

8(L−1)
.

This completes the proof.

Now we check our asymptotic results in Lemma 4.5. Fig. 7 plots the ground states
with β = 1 for different σ and L, and Fig. 8 depicts the ground state energy with β = 1
and L = 1.2 for different σ. From Figs. 7 and 8, our asymptotic results in Lemma 4.5
are confirmed. Fig. 9 plots the ground state computed in 2D. Similar to the 1D case, the
bifurcation of the ground state is observed.
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Figure 7: Ground states of the NLSE in 1D with β= 1 and the box potential for different σ and L= 0.9< 1
(upper left), 1< L=1.5<2 (upper right) and L=2.0 (bottom).
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Figure 8: Ground state energy of the NLSE in 1D with β=1, L=1.2 and different σ under the box potential.
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Figure 9: Ground states φ
β,σ
g under the box potential in Ω=(0,1)2 (top row), Ω=(0,1.5)2 (second row) and

Ω=(0,2.2)2 (third row) for β=5 and σ=0 (left column), σ=4 (middle column) and σ=16 (right column).
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5 Conclusions

We generalized the existence and uniqueness of the ground state from the Gross-Pitaevskii
equation (GPE) to the nonlinear Schrödinger equation (NLSE). In addition, we studied
asymptotically the ground states and their corresponding energy and chemical potential
of the NLSE with different nonlinearities. For NLSE with a fixed nonlinearity under a box
or a harmonic potential, we derived explicitly the approximations of the ground state
and the corresponding energy and chemical potential. If we let the nonlinearity com-
ponent σ → ∞ and fix the interaction strength, we observed different limiting patterns
and called this phenomenon the “bifurcation of the ground state”. The characterization
of the ground state in 1D in each pattern and the corresponding leading order energy
asymptotics were derived explicitly and verified numerically. Similar phenomenon was
observed in higher dimension case as well.

Appendix A: Proof of Lemma 4.4

Multiplying (4.9) by ϕ′
σ(x), we get

1

2

(

ϕ2
σ(x)

)′
=−1

4

(

(

ϕ′
σ(x)

)2
)′
+

1

2σ+2

(

ϕ2σ+2
σ (x)

)′
, x>0. (A.1)

Therefore, we have

ϕ2
σ(x)=−1

2

(

ϕ′
σ(x)

)2
+

1

σ+1
ϕ2σ+2

σ (x)+C, x≥0, (A.2)

where C is the integrating constant. When x→+∞, we have ϕσ(x)→1 and ϕ′
σ(x)→0. So

we get C= σ
1+σ . Letting x=0 in (A.2), we get

ϕ′
σ(0)=

√

2σ

σ+1
, σ>0. (A.3)

For σ>0, by using the maximum principle, we have 0≤ϕσ(x)<1 for x≥0. When σ→∞,
we have ϕ2σ+1

σ (x)→ 0 for x≥ 0. Therefore, when σ→∞, noting (A.3), the problem (4.9)
converges to the following linear problem:

{

ϕ∞(x)=− 1
2 ϕ′′

∞(x), x>0,

ϕ∞(0)=0, ϕ′
∞(0)=

√
2.

(A.4)

Solving this problem, we obtain (4.13) immediately. �

To illustrate the solution ϕσ(x) of (4.9), Fig. 10 plots ϕσ(x) obtained numerically for
different σ. From this figure, we can see that: (i) For any σ>0, ϕσ(x) is a monotonically
increasing function. (ii) When σ→+∞, ϕσ(x) converges to ϕ∞(x) uniformly for x≥0 (cf.
Fig. 10).
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Figure 10: Plots of the solution ϕσ(x) of the problem (4.9) for σ=1,3,10,∞ (with the order from right to left).

Acknowledgments

This work was supported by the Academic Research Fund of Ministry of Education of
Singapore grant No. R-146-000-223-112 and I would like to specially thank Prof. Weizhu
Bao for his stimulating discussion.

References

[1] M. J. Ablowitz. Nonlinear Dispersive Waves, Asymptotic Analysis and Solitons. Cambridge Uni-
versity Press, 2011.

[2] M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E. Wieman, and E. A. Cornell. The theory
of a general quantum system interacting with a linear dissipative system. Science, 269:198–201,
1995.

[3] W. Bao. Mathematical models and numerical methods for Bose-Einstein condensation. Pro-
ceedings of the International Congress of Mathematicians (Seoul 2014), IV:971–996, 2014.

[4] W. Bao and Y. Cai. Mathematical theory and numerical methods for Bose-Einstein condensa-
tion. Kinet. Relat. Models, 6:1–135, 2012.

[5] W. Bao and M.-H. Chai. A uniformly convergent numerical method for singularly perturbed
nonlinear eigenvalue problems. Commun. Comput. Phys., 4:135–160, 2008.

[6] W. Bao, I.-L. Chern, and F. Y. Lim. Efficient and spectrally accurate numerical methods for
computing ground and first excited states in Bose-Einstein condensates. J. Comput. Phys.,
219:836–854, 2006.

[7] W. Bao and Q. Du. Computing the ground state solution of Bose-Einstein condensates by a
normalized gradient flow. SIAM J. Sci. Comput., 25:1674–1697, 2004.

[8] W. Bao, D. Jaksch, and P.A. Markowich. Numerical solution of the Gross-Pitaevskii equation
for Bose-Einstein condensation. J. Comput. Phys., 187:318–342, 2003.

[9] W. Bao and F. Y. Lim. Analysis and computation for the semiclassical limits of the ground
and excited states of the Gross-Pitaevskii equation. Proc. Sympos. Appl. Math., Amer. Math. Soc.,
67:195–215, 2009.



22 X. Ruan and W. Yi / Commun. Comput. Phys., x (20xx), pp. 1-22

[10] W. Bao, F. Y. Lim, and Y. Zhang. Energy and chemical potential asymptotics for the ground
state of Bose-Einstein condensates in the semiclassical regime. Bull. Inst. Math. Acad. Sin. (N.S.),
2:495–532, 2007.

[11] P. M. Chaikin and T. C. Lubensky. Principles of Condensed Matter Physics. Cambridge Univer-
sity Press, Cambridge, 1995.

[12] R. Y. Chiao, T. K. Gustafson, and P. L. Kelley. Self-focusing: Past and Present Fundamentals and
Prospects (Topics in Applied Physics Series Volume 114). Springer New York, New York, 2009.

[13] F. Dalfovo, S. Giorgini, L. P. Pitaevskii, and S. Stringari. Theory of Bose-Einstein condensa-
tion in trapped gases. Rev. Modern Phys., 71:463–512, 1999.

[14] F. Dalfovo and S. Stringari. Bosons in anisotropic traps: Ground state and vortices. Phys.
Rev. A, 53:2477–2485, 1996.

[15] M. Girardeau. Relationship between systems of impenetrable bosons and fermions in one
dimension. J. Math. Phys., 1:516–523, 1960.

[16] A. J. Leggett. Bose-Einstein condensation in the alkali gases: Some fundamental concepts.
Rev. Modern Phys., 73:307–356, 2001.

[17] E. H. Lieb and W. Liniger. Exact analysis of an interacting bose gas. i. the general solution
and the ground state. Phys. Rev., 130:1605–1616, 1963.

[18] E. H. Lieb and M. Loss. Analysis, Graduate Studies in Mathematics. Amer. Math. Soc., 2nd ed.,
2001.

[19] E. H. Lieb, R. Seiringer, J. P. Solovej, and J. Yngvason. The Mathematics of the Bose Gas and its
Condensation. Oberwolfach seminars 34, Birkhäuser, Basel, 2005.
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