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Abstract. We study asymptotically and numerically the fundamental gaps (i.e. the difference between the first excited state and
the ground state) in energy and chemical potential of the Gross—Pitaevskii equation (GPE) — nonlinear Schrodinger equation
with cubic nonlinearity — with repulsive interaction under different trapping potentials including box potential and harmonic
potential. Based on our asymptotic and numerical results, we formulate a gap conjecture on the fundamental gaps in energy
and chemical potential of the GPE on bounded domains with the homogeneous Dirichlet boundary condition, and in the whole
space with a convex trapping potential growing at least quadratically in the far field. We then extend these results to the GPE
on bounded domains with either the homogeneous Neumann boundary condition or periodic boundary condition.
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1. Introduction

The time-independent Schrédinger equation (in dimensionless form by taking A = m = 1 with m the
mass of the particle) [5,24,27,34]

N

Hd = Z<—%Aj+V(rj)>+ Z Vin(rj —11) |® = ED, (1.1)

j=1 I<j<ksN

has been widely used in quantum physics and chemistry to mathematically predict the property of a quan-
tum system with N particles (usually atoms, molecules, and subatomic particles whether free, bound or
localized). Here r; € R? is the spatial coordinate of the jth particle, A; is the Laplacian operator with
respect to the spatial coordinate r; for j = 1,2,..., N, ® := ®(ry,...,ry) is the complex-valued
wave function of the quantum system, V (r) (for r € R?) is a given real-valued potential, Vi, (r) is a
given real-valued interaction kernel for two-body interaction satisfying Vi, (r) = Vi (—r) and H is the
Hamiltonian operator. When the wave function is normalized as fRW |®|?dr, ...dry = 1, E is the total
energy of the quantum system with respect to the wave function ®. The time-independent Schrodinger
equation (1.1), also an eigenvalue problem in mathematics, predicts that wave function can form station-
ary states including ground and excited states [5,24,27,34]. Finding the ground state and its energy, as
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well as the energy gap (or band gap) between the ground and first excited states via Eq. (1.1) has become
a fundamental and highly challenging problem in computational quantum physics and chemistry, as well
as material simulation and design [17,18,23,25,30,31].

By setting N = 1 in Eq. (1.1) and performing a dimension reduction from three dimensions (3D)
to two dimensions (2D) and one dimension (1D) under proper assumptions on the potential V (r) such
that separation of (the spatial) variables for the wave function is valid [6,7,12,21,32], one can get the d-
dimensional (d = 3, 2, 1) time-independent Schrédinger equation with complex-valued wave function
¢ := ¢(x), which has been widely used in the physics literature [5,24,27,34]

Hep = (—%Ax + V(X))¢(x) —Ep(x), x=(x1,...,x)7 € Q TR’ (1.2)

Using the rescaling formulas y = +/2x € R? and ¢(y) = 27%*$(x), one can derive the following
time-independent Schrodinger equation [2—4,36]

Lo :=[-Ay+ W ]e®) = Ee(y), yeUCR, (1.3)

where W(y) = V(x) = V(y/«/i), U= {y|y/\/§ € Q} and the operator L := —Ay + W(y) is called
the Schrodinger operator [3]. If U is bounded, then we require the homogeneous Dirichlet boundary
condition (BC) ¢(y)|sy = 0 to be imposed. In this case, we can also simply define W(y) = +oo for y
outside U and Eq. (1.3) can be defined in the whole space without BC. If W(y) is bounded below in U,
i.e. infyey W(y) > —oo, without loss of generality, we can always assume that W(y) > O fory € U
when we are interested in the ground and excited states and the energy gap. Under proper assumptions
on the potential W (y), the eigenvalues E,, E;, E», ... of the Sturm-Liouville eigenvalue problem (1.3)
under the normalization condition [3]

ol :=/U\¢<y>|2dy=1 — ol :=f9}¢<x>|2dx= L (1.4)

are real and can be ordered such that 0 < E, < E| < E; < --- with corresponding eigenfunctions (or
stationary states) g (y), ¢1(y), ¢2(y), - ... Then ¢,(y) and ¢;(y) are called the ground state and the first
excited state, respectively. 8y := E| — E, > 0 is usually called the fundamental gap in the literature
[3,4,36]. Assuming that U is a bounded convex domain and the potential W (y) € C 9(U) is a continuous
function, based on results for special cases, the gap conjecture was formulated in the literature [3,4,36]
as:

2

3
So=E) — Eg > ——, with Dy := sup |y — 2. (1.5)

U y.zeU

The gap conjecture is sharp whend = 1, U = (0, L) with0 < L € Rand W(y) = 0Ofory e U
[3]. Recently, by the use of the gradient flow and geometric analysis and assuming that W(y) € C°(U)
is convex, Andrews and Clutterbuck proved the gap conjecture [2]. In addition, they showed that if
U = RY and the potential W (y) satisfies D*W (y) > y21, fory € R? with y,, > 0, where I, is the
identity matrix in d-dimensions, the fundamental gap described by Eq. (1.3) under the condition (1.4)
satisfies §g := E; — E, > «/Eyw [2].
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In this paper, we will consider the dimensionless time-independent Gross—Pitaevskii equation (GPE)
in d-dimensions (d = 3,2, 1) [6,7,12,21,32]

1
[—5A+V(X)+ﬁ\¢(X)\2}¢(X) =up(x), xe€QCR (1.6)

where ¢ = ¢(x) is the complex-valued wave function (or eigenfunction) normalized via (1.4),
V := V(x) is a given real-valued potential, 8 > 0 is a dimensionless constant describing the repulsive
(defocussing) interaction strength, and the eigenvalue (or chemical potential in the physics literature)
i = u(¢) is defined as [6,7,21,32]

w@) = E@) + 5 fg 600 dx, (7

with the energy E := E(¢) defined as [7]

1
E(@$) = fg[iiwoof + Ve[ + §|¢(x>|“} dx. (1.8)

Again, if €2 is bounded, the homogeneous Dirichlet BC, i.e. ¢ (x)|3q = 0, needs to be imposed. Thus,
the time-independent GPE (1.6) is a nonlinear eigenvalue problem under the constraint (1.4). It is a
mean field model arising from Bose—Einstein condensates (BECs) [1,6,21,26] that can be obtained from
the Schrodinger equation (1.1) via the Hartree ansatz and mean field approximation [7,20,28,32]. When
B = 0, it collapses to the time-independent Schrodinger equation (1.2). It is worth mentioning that if the
domain U in (1.3) is bounded, the domain €2 in (1.2) (or (1.6)) can be defined as 2 = {X|\/§X € U} via
the re-scaling y = +/2x. Thus the diameter for the domain Q becomes D := Dg = Dy /+/2, and the
lower bound in the fundamental gap (1.5) for the Schrodinger equation (1.2) becomes 3DL22 = %.

The ground state of the GPE (1.6) is usually defined as the minimizer of the non-convex minimization
problem (or constrained minimization problem) [6,7,21,26]

¢y = argmin E(¢), (1.9)
¢eS

where S = {$]||¢]15 = fQ lp(x)|?dx = 1, E(p) < 00, ¢|sq = 0if Q is bounded}. The ground state
can be chosen as nonnegative |¢,|, i.e. ¢, = |¢g|ei0 for some constant # € R and i = +/—1. Moreover,
the nonnegative ground state |¢,| is unique [7,29]. Thus, from now on, we refer to the ground state as
the nonnegative one. It is easy to see that the ground state ¢, satisfies the time-independent GPE (1.6)
and the constraint (1.4). Hence it is an eigenfunction (or stationary state) of (1.6) with the least energy.
Any other eigenfunctions of the GPE (1.6) under the constraint (1.4) whose energies are larger than that
of the ground state are usually called the excited states in the physics literature [7,21,32]. Specifically,
the excited state with the least energy among all excited states is usually called the first excited state,
which is denoted as ¢;.

For the GPE (1.6), the ground state has been obtained asymptotically in weakly and strongly repulsive
interaction regimes, i.e. 0 < 8 < 1 and B > 1, respectively, for several different trapping potentials
[14]. In fact, by ordering all the eigenfunctions of the GPE with a repulsive interaction and a confinement
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potential, i.e. B > 0 and limy—, ;« V(X) = +00, under the constraint (1.4) according to their energies
with ¢f, d)’f, ¢§, ... satisfying E,(B) := E((l)g) < E{(B) = E(¢’f) < E(qbf) < - -+, it can be shown
that p,(B) = ;L(qbg) < ui1(B) = M(qﬁf) [19], and thus ¢>f is usually called the first excited state. We
define the fundamental gaps in energy and chemical potential of the time-independent GPE under the
constraint (1.4) as

S5e(B) = E(¢]) — E(¢f) > 0. 8.(8) == n(¢]) — n(¢f) >0. p>o0,

5% := inf 8p(B), 8% := inf 8,(B) (1.10)
E-—gogﬁ, M-—gouﬁ-

In general, the first excited state (,bf is not unique. Since we are mainly interested in its energy and
chemical potential as well as the fundamental gaps, it does not matter which first excited state is taken
in our analysis and simulation below. The main purpose of this paper is to study asymptotically and
numerically the fundamental gaps of the GPE with different trapping potentials and to formulate a gap
conjecture for the GPE. Define the eigenspace of (1.2) corresponding to the eigenvalue E; (the second
smallest eigenvalue) as

W, = {¢(x) Q> C|Hp = E19, ¢dlsgg = 0if Qs bounded}. (1.11)
Based on our asymptotic results and extensive numerical results, we propose the following:

Gap Conjecture I (For GPE on bounded domain with homogeneous Dirichlet boundary conditions).
Suppose Q is a convex bounded domain and the external potential V (X) is convex.

(1) In the non-degenerate case, i.e. when dim(W;) = 1, we have

372 o 372
e L (1.12)

8% := inf § >
2 ;1;0 e(B) 3

(i1) In the degenerate case, i.e. when dim(Wy) > 2, we have

2 3 2
52 = inf 8p(B) > s, 8% = inf 8,(B) >

—. 1.1
£>0 2D?’ Hm £>0 8D? (1.13)

The rest of this paper is organized as follows. In Section 2, we study asymptotically and numerically
the fundamental gaps of GPE on bounded domains with homogeneous Dirichlet BC to show the gap con-
jectures (1.12) and (1.13). In Section 3, we obtain results for GPE in the whole space with a confinement
potential. Extension to GPE on bounded domains with either periodic or homogeneous Neumann BC
are presented in Section 4. Finally, some conclusions are drawn in Section 5. For simplicity of notations,

denote Q¢ = ]_[?:1(0, L;)satisftying Ly > Ly > --- > Ly >0and Ag =1/ ]_[?:1 L;.

2. On bounded domains with homogeneous Dirichlet BC

In this section, we obtain fundamental gaps of the GPE (1.6) on a bounded domain €2 with homo-
geneous Dirichlet BC asymptotically under a box potential and numerically under a general potential.
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Based on the results, we formulate a novel gap conjecture. The bounded domain problem with homoge-
neous Dirichlet boundary conditions can also be viewed as a whole space problem by letting V (x) =
for x € Q°.

2.1. Non-degenerate case, i.e. dim(W;) = 1

We first consider a special case by taking Q = Qq satisfyingd = 1 or L; > L, whend > 2 and
V(x) = 0 for x € 2 in (1.6). For simplicity, we define

d d
2 (25 2& 1 721
A= 2y 1), -2y 2.1
1 L1<9L1+9 L-) ? 2 2.1

In this scenario, when g = 0, all the eigenfunctions can be obtained via the sine series [13,14]. Thus
the ground state qﬁg (x) and the first excited state ¢)(x) can be given explicitly as [13,14] for x € Q

d d
0 _ d . JTXj 0 i d . 27'[)61 . JTX]'
¢g(x)_22A01_[151n<L—j>, ¢1(X)_22Aosm< . )l_gs1n(L—>. (2.2)
J= J=

1 J

Lemma 2.1. In the weakly repulsive interaction regime, i.e. 0 < B < 1, we have

37A3 37A7
E,(B) = A2+ -7 LB+ o(B),  pe(B)=Ar+ a BFoB), (2.3)
2 d 2 dA(Z)
E\(B) = 2L2 +At o ﬂ +oB), B = 2L2 a B o). (2.4)

Proof. When 0 < 8 <« 1, we can approximate the ground state (;55 (x) and the first excited state ¢{3 (x)
by ¢g (x) and ¢?(X), respectively. Thus we have

PP ~Pl(x), Pl ~Pl(x), xeQ. (2.5)

Plugging (2.5) into (1.7) and (1.8), after a detailed computation which is omitted here for brevity, we
can obtain (2.3)—(2.4). [

Lemma 2.1 implies that §z(8) = E((B) — E,(B) ~ % and 6,(B) = n1(B) — ug(B) ~ 2L2 for
0 < B < 1, which are independent of §. In order to get the dependence on 8, we need to find more
accurate approximations of ¢§ and <t>{9 and can obtain the following asymptotics of the fundamental

gaps.

Lemma 2.2. When 0 < 8 < 1, we have

S5e(B) = F+G<”ﬁ +o(8), 8.8 = F*G% +0(B?), (2.6)
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where
643'[2’ 64?12’ d= 1,
G(]) _ (27 2 + ) G(2) _ (27 2 + ) d=2
d — 64712 1 A(,(A6L2+3) d — 64712 1 A6(A6L2+3) ’
7= (Cri1— Ca10), 5o (Cr11 — Ca10) d =3,
with
d 3 72
1 L 1 1
=> = Chiboks = AG( 81D 5 +9)  ——+ = ). (2.7)
=1 L —1 k] . k_, + o 23 Ay
= = STt j=112
Proof. When 0 < 8 « 1, we assume
$Ex) ~ ¢2(%) + B, (X) +0(B), X € Q. (2.8)

Plugging (2.8) into (1.6), noticing (2.2), (2.3) and (2.4), and dropping all terms at O (%) and above, we
obtain

d 2

7d—1

3
A (%) + 2420, (x) = 2($7(0)” — 7P (X), X € Q, 9, (X)]se = 0. (2.9)
Substituting (2.2) into (2.9), we can solve it analytically. For the simplicity of notations, here we only
present the case when d = 1. Extensions to d = 2 and d = 3 are straightforward and the details are
omitted here for brevity [33]. When d = 1, we have

V2L . (37‘[)6)
sin ,

—_— — 0<x<L,. 2.10
- L x 1 (2.10)

(/)g(X) =

Plugging (2.10) into (2.8) and using ||qbg’S Il =1, we get

6474 — B2L2 V2L 3
¢§(x) ~ [ 2 TP ALy sin(i—x) + p ! sin< dhd
1

. 0<x<Li 2.11
3274L, 872 Ll) TS @10

Inserting (2.11) into (1.8) and (1.7) with V (x) = 0, we have

2 2 2 2
b 3,8 B T o(8), b 3,3 3p +o(82).

TS we(B) =52 ¥ 5~ o2 2.12)

E,(B) =

Similarly, we can obtain results for the first excited state

272 3,3 382
L2 2L1 642

+o(B%)., wmB) = o(B?). (2.13)

Subtracting (2.12) from (2.13), we obtain (2.6) whend = 1. U
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Lemma 2.3. In the strongly repulsive interaction regime, i.e. § > 1, we have

A? 4A0Ag , 844
E.(B) = —ﬂ+ g1 4247 T +o(1), (2.14)
ug(ﬁ>=Aéﬁ+onA3ﬁf+2A§—A4+o<1), B> 1, (2.15)
A? 4A0(A3Ly + 1) 1 2(A3L1—|—1)2 8As
Ep)=2p4+ —— gy~ 2 1 2.16
1(B) 2ﬂ+ 3L, B2 + % 5 +o(1), (2.16)
2A0(A3L; + 1 2(AsLy + 1)?
wi(p) = azp 4 AL D g A AT ), 2.17)
L, L3
where
| 1 1
{d22} {d>2}
=y _ Ay =4 : As = A, + 4 , 2.18
Yo A=4 Y L a—aa Y 2 @18)
=1 1<j<k<d Y 1<j<d J

with 1(4>2y the standard set function, which takes 1 when d > 2 and 0 otherwise.

Proof. When 8 > 1, the ground and first excited states can be approximated by the Thomas—Fermi
(TF) approximations and/or uniformly accurate matched approximations. For d = 1 and Q2 = (0, L),
these approximations have been given explicitly and verified numerically in the literature [10,11,13,14]
as

e~ [ Pegh 0. dio) ~ %@%x), 0<x <L, (2.19)

where
¢;",(x) = tanh(/ix) + tanh( /(L — x)) — tanh(y/L), 0<x <L,
(2.20)
¢;>,(x) = tanh(/ix) — tanh( /(L — x)) + tanh(/(L/2 — x)),

with p and p; determined from the normalization condition (1.4) and tanh(,/uL) ~ 1. These results in
1D can be extended to d-dimensions (d = 1, 2, 3) for the approximations of the ground and first excited
states as

¢l (x) ~ YA (x) = "‘g(ﬁ 1‘[¢Ql)ﬂg xeQ, (2.21)

$1 (x) ~ 1MA<X>=\/M,;/3 Orr 1>l'[¢£”m<x, (2.22)

where pg(B) and 11(B) are determined from the normalization condition (1.4). Inserting (2.21) and
(2.22) into (1.7) and (1.8), after a detailed computation which is omitted here for brevity, we can obtain
2.14)-2.17). O
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From Lemmas 2.1-2.3, we have asymptotic results for the fundamental gaps.

Proposition 2.1 (For GPE under a box potential in non-degenerate case). When Q = Q satisfying
d=1lorLy > Lywhend >2and V(x) =0forx € Qin(1.6), i.e. GPE with a box potential, we have

3n2

75 +o(B),
se(B) =12

mﬂz +A1 +0(1),

o (2.23)
5.(8) Z”T%JrO(ﬂ), 0<BKI,
w 2%1",3%+L%+0(1), B> 1.

Proof. When 0 < 8 < 1, subtracting (2.3) from (2.4), noting (1.10), we obtain (2.23) in this parameter
regime. Similarly, when 8 >> 1, subtracting (2.14) and (2.15) from (2.16) and (2.17), respectively, we
get (2.23) in this parameter regime. [

To verify numerically our asymptotic results in Proposition 2.1, we solve the time-independent GPE
(1.6) numerically by using the normalized gradient flow via backward Euler finite difference discretiza-
tion [7-10] to find the ground and first excited states and their corresponding energy and chemical
potentials. Figure 1 shows the ground and first excited states for different 8 > 0 in 1D, Figure 2 shows
the energy of the ground and excited states which are excited in x- or x,-direction, while the first excited
state is taken as the one excited in x;-direction, and Fig. 3 depicts fundamental gaps in energy obtained
numerically and asymptotically in 1D, 2D and 3D. From Fig. 3, we can see that the asymptotic results in
Proposition 2.1 are very accurate in both weakly and strongly repulsive interaction regimes. In addition,
our numerical results suggest that both §£(8) and 6,,(B) are increasing functions for 8 > 0 (cf. Fig. 3).

For a general bounded domain €2 and/or V (x) # 0, we cannot get asymptotic results on the fundamen-
tal gaps, but we can study the problem numerically. If 2 = ¢ and V (x) is symmetric with respect to
the axis, we can compute numerically the ground and first excited states and their corresponding energy
and chemical potential as well as the fundamental gaps via the Backward Euler finite difference method
[7-10]. For arbitrarily chosen external potentials defined in €2¢, the ground state and the first excited
state might not have any symmetric property. In this case, we can obtain numerically the ground state
and the first excited state by using the numerical method proposed in [15] with spectral discretization

1 i --B=0
\ - B=40
—B=800

0.8 U 0.5

—

2 0.6

= ;o =
o4 / =0
L b -0.5
i B=40
0.2: —p=s00| i | T~
g ‘ -1
0
0 05 1 15 2 0 05 1 15 2
x x

Fig. 1. Ground states q)g (x) (left) and first excited states ¢'16 (x) (right) of GPE in 1D with Q = (0, 2) and a box potential for
different 8 > 0.
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200 T T T T T T T T T

+EB(¢,,)

—=E(¢),)

0 50 100 150 200 220 300 350 400 450 500

Fig. 2. Energy E,(B) := E(¢})) < E1(B) := E(¢! = ¢’f’x1) < Ex(B) = E(¢ﬁx2) of GPE in 2D with Q = (0,2) x (0, 1)
and a box potential for different § > 0.

in space. Figure 4 depicts fundamental gaps in energy and chemical potential of the GPE in 1D with
Q = (0, 2) and the potential V (x) = Vy(x — 1)? for different V;, and B. Figure 5 plots the fundamental
gaps in energy and chemical potential of the GPE in 1D with Q = (0, 2) and some nonconvex trapping
potentials for different 8 > 0.

Based on the asymptotic results in Proposition 2.1 and the above numerical results as well as additional
extensive numerical results not shown here for brevity [33], we speculate the gap conjecture (1.12). In
fact, our numerical results suggest a stronger gap as

372 8174
27[?7 O g ﬂ g 6ZD|2 ‘a
Se(B) = 4p1/2 ~ 8lr*|Q|
3D|Q1/2? B = 64D2 ° (2.24)
372 0< g < 2l '
S > ] 2p2 SBS T
w(B) = 28172 > 9r4|Q
Doz B2 Tepr

where |2| is the volume of 2. On the other hand, Fig. 5 suggests that the gap conjecture (1.12) is not
valid for non-convex trapping potentials.

2.2. Degenerate case, i.e. dim(W;) > 2

Again, we first consider a special case by taking Q = Qq satisfying L} = L, := L andd > 2 and
V() = 0 for x € Qin (1.6). In this case, the approximations of the ground states and their energy
and chemical potential are the same as those in the previous subsection by letting L, — L; = L. On
the contrary, the approximations of the first excited states are completely different with those in the
non-degenerate case.

Lemma 2.4. For weakly repulsive interaction, i.e. 0 < B < 1, we have ford > 2

372 13d 372 13d
E((B) = 302 + Ay + 3—2A0/3 +o0(B), wi(B) = 202 + Ay + FAOﬂ +o(B). (2.25)
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© Numerical
——Asymptotic

o 200 400 600 800
3

6 © numerical T
—asymptotic

o 200 400 600 800 1000
B

o numerical

o —asymptotic

1 1 1 1
0 500 1000 1500 2000
3

Fig. 3. Fundamental gaps in energy of GPE with a box potential in 1D with Q = (0, 2) (top), in 2D with Q2 = (0, 2) x (0, 1)
(middle), and in 3D with = (0, 2) x (0, 1) x (0, 1) (bottom).

Proof. For simplicity, we only present the 2D case and extension to 3D is straightforward. Denote

$o(x) = @sin(jTL—x), #O(x) = \/%sin(znTx), 0<x<L. (2.26)

When d = 2 and B = 0, it is easy to see that ¢;(x) := ¢?(x1)¢g(xz) and ¢, (x) = ¢§(x1)¢?(xz) are
two linearly independent orthonormal first excited states. In fact, W; = span{¢;, ¢,}. In order to find an
appropriate approximation of the first excited state when 0 < 8 < 1, we take an ansatz

Pap(X) = api(x) + bpa(X), X = (x1, %) € Q, (2.27)
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12
10 CA
........................................................................... ) 10 |
8 ’___,_—_':':—:—’ -]
3 et = 8
N - =
L SRS B ©
__________ .7 -=-Vp =10 6 .
SO Vo =100 32 7 32
41- 213 4L 27
0 50 100 150 200 0 50 100 150 200
B B

Fig. 4. Fundamental gaps in energy g (B) (left) and chemical potential 6, (8) (right) of GPE in 1D with Q = (0, 2) and
V(x) = Vo(x — 1)2 for different Vp > 0 and B =0.

4.5 . . . . 5 —=
at T L
-------- 32 4 /’/ 3
A35 ,,,,,, 217 . 7 2Ly
N W g
3 P g ,—"—_
3t -
_—’_———— 3 —””
25 I ] P ]
= ~
2 . . 2
0 2 4 6 8 10 0 2 4 6 8 10
Iéi 3

Fig. 5. Fundamental gaps in energy (left) and chemical potential (right) of GPE in 1D with Q = (0, 2) and non-convex trapping
potentials: (I) V(x) = —10x2, and D) V(x) = 10sin(10(x — 1)) for different g > 0.

where a, b € C satisfying |a|® + |b|*> = 1 implies ||@,p|l» = 1. Then a and b will be determined by
minimizing E (¢, ). Plugging (2.27) into (1.8), a simple direct computation implies that

E( ) 37T2+A +8,3 // . 27‘[)61 . TX) L bsi TX| . 27TX2
a = — —_— a sin sy —— si{ —— | S1in
Pab) =2 TRTLE o e L L L L

372 98 4 4 B 21712 272 | =232
=E+A2+W(Ia| +|b|)+ﬁ(4|a| b]> + a*b* + a*b?)

372 98 B

=5 Ar + YR m(2612152 +2a’b* — |al*|b]?).

4
dx

To minimize E (¢, 5), noting la]> + |b|* = 1, we take a = ¢'¢ cos(P) and b = €'"sin(0) with &, 7,6 €
[—7, 7). Then we have

3?2 98 B
E@ar) =53 ¥ A2+ 55~ 1oz

sin®(20)[1 — 4 cos(2(¢ —m)],
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which is minimized when § = +7/4 and £ — n = +7/2, i.e. a = +ib. By taking a = 1/+/2 and
b =i/+/2, we obtain an approximation of the first excited state qbf when 0 < 8 <« 1 as

¢! (x) ~

1

ﬁ[eb?(xl)qb;?(xz) +igd(x)P)(x2)], xe Q. (2.28)

Substituting (2.28) into (1.8) and (1.7), we get (2.25) whend = 2. [

Lemma 2.5. Whend =2 and B > 1, we have

B 8B & w
E\(B) = st 3 Yo In(B) + o(In(B)), (2.29)
4
ni(B) = % + \/f + % In(8) + o(In(B)). (2.30)

Proof. From Lemma 2.4, when 0 < 8 < 1, the first excited state needs to be taken as a vortex-type
solution. By assuming that there is no band crossing when 8 > 0, then the first excited state can be well
approximated by the vortex-type solution when 8 >> 1 too. Thus when 8 > 1, we approximate the first
excited state via a matched asymptotic approximation.

(1)

(ii)

In the outer region, i.e. |x — (L/2, L/2)| > o(1), it is approximated by the ground state profile as
"
of (x) ~ ¢ (x) = F‘qsﬁ)#, (D, (x2), (2.31)

where qﬁg)u (x) is given in (2.20) with u = w1 (B) the chemical potential of the first excited state.
In the inner region near the center (L/2, L/2),i.e. |x — (L/2, L/2)| <« 1, it is approximated by a
vortex solution with winding number m = 1 as

PF (x) ~ ¢p™"(x) = \/%f(r)em, x—(L/2,L/2)| <« 1, (2.32)

where r and 6 are the modulus and argument of (x; —L/2)+i(x,—L/2), respectively. Substituting
(2.32) into (1.6), we get the equation for f(r)

1 1 1
—3 10 = f O+ S O+ m ) = mf@), >0, (2.33)
r 2r

with BCs f(0) = 0 and lim,_, ;o f(r) = 1. When 8 > 1, by dropping the term —%f”(r) in
(2.33) and then solving it analytically, we get

~ . 212
fr)y= fo(r) == T+ 2002 r = 0. (2.34)



W. Bao and X. Ruan / Fundamental gaps of the Gross—Pitaevskii equation 65

Combining the outer and inner approximations via the matched asymptotic technique, we obtain
an asymptotic approximation of the density of the first excited state as

Pl = ¢l | ~ \/% [£20) + (8, 0o, ) = 1], xe & (2.35)

Substituting (2.35) into the normalization condition ||¢'13 Il = 1, a detailed computation gives
the approximation of the chemical potential in (2.30). Plugging (2.35) into (1.7) and noticing
(2.30), a detailed computation implies the approximation of the energy in (2.29). The details of
the computation are omitted here for brevity [33]. [

From Lemmas 2.1, 2.3, 2.4 and 2.5, we have the following result about the fundamental gaps for the
degenerate case.

Proposition 2.2 (For GPE under a box potential in degenerate case). When Q = Q satisfying L, =
Ly:=Landd > 2and V(x) =0forx € Qin(1.6), i.e. GPE with a box potential, we have

(1) when0 < B <KL landd > 2,

s.cgy = ST 5dAG s gy - 3T 5dAY . 536
e(B) =577 — =5 PHo®), wlB) =3 — =g P o) (2.36)
(i) when B > 1 and d = 2,
T T
Se(B) = mln(ﬂ) + O, 8. (B) = mln(ﬁ) + O). (2.37)

Again, to verify numerically our asymptotic results in Proposition 2.2, Fig. 6 plots the ground state qbgﬂ ,
the first excited state ¢’3 = ¢>’3 » and other excited states qﬁf ., and ¢>ﬁ’ .» of the GPE in 2D with & = (0, 2)?
and a box potential for different § > 0, which were obtained numerically via the Backward Euler finite
difference method [7-10]. Figure 7 depicts the energy E,(8) = E (¢§ ) < E\(B) = E (¢f5 = ¢f ) <
E (¢{3 W) < E (d)f .) for different B > 0 and the corresponding fundamental gaps in energy, and Fig. 8
shows the fundamental gaps in energy of GPE in 3D with Q = (0, 1) and a box potential. In addition,
Fig. 9 depicts the fundamental gaps in energy of GPE in 2D with Q = B;(0) = {x||x| < 1} and a box
potential.

Based on the asymptotic results in Proposition 2.2 and the above numerical results as well as additional
extensive numerical results not shown here for brevity [33], we speculate the gap conjecture (1.13).

3. Fundamental gaps of GPE in the whole space

In this section, we obtain asymptotically the fundamental gaps of the GPE (1.6) in the whole space
under a harmonic potential and numerically under general potentials growing at least quadratically in the
far field. Based on the results, we formulate a novel gap conjecture for this case. Here we take = R¢

and denote Vj(x) = % Z‘;:l yjzsz_ satisfying0 < yy < yp < --- < v
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Fig. 6. Ground states ¢g (top row), first excited states — vortex solution |¢>’13 = qﬁf ,| (second row), excited states in the

x1-direction q,’)’ls . (fourth row) and excited states in the diagonal direction ¢ﬁ . (fifth row) for B = 0 (left column), 8 = 10

(middle columﬁ) and S = 500 (right column). Here the phase of the vortex solution — first excited state — is displayed in the
third row.
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[¢] 1000 2000 3000 4000 5000
B

Fig. 7. Energy E(B) 1= E@}) < E1(B) = E(¢ = ¢} ) < E2(B) 1= E@}, ) = E@} ) < E3() := E(4{ ) of GPE
in 2D under a box potential with Q = (0, 2)2 for different g > 0 (top) and the fundamental gaps in energy 5 (8) (bottom).
Here a band crossing in energy happens at 8 = 0 for the excited states (cf. top).

3.1. Non-degenerate case, i.e. dim(W;) = 1

We first consider the special case by taking V(x) = Vj,(x) satisfyingd = 1 or y; < y, whend > 2.
For simplicity, we define

d d d =
Vi 1
=[]z B=32v B=[ly C={r d=2 (3.1)
i = = =3,

In this scenario, when 8 = 0, all eigenfunctions can be obtained via the Hermite functions [13,14].
Thus the ground state ¢>g (x) and the first excited state d)? (x) can be given explicitly as [13,14]

d . % ijz. d . % ijz«
R l‘[(%) T ™ =2 1_[(%) ¢ xeR (3.2)
j=1

j=1
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Fig. 8. The fundamental gaps in energy of GPE in 3D under a box potential with € = (0, 1)3.
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Fig. 9. The fundamental gaps in energy of GPE under a box potential with 2 = B1(0). It is obviously that the fundamental gap

is larger than the lower bound proposed in the gap conjecture (1.13), which is % ~ 1.234.

Lemma 3.1. In the weakly repulsive interaction regime, i.e. 0 < B K 1, we have

B
E¢(B) = B + 70/3 +o(B), pe(B) = By + Bop + o(B), (3.3)

3B() 3BO
ExB)=vi+ B+ —=p+o(p), mB)y =y +Bi+—=p+op). (3.4)

Proof. When 0 < 8 <« 1, we can approximate the ground state ¢§ (x) and the first excited state ¢f3 x)
by ¢?(x) and ¢{(x), respectively. Thus we have

P~ pdx), P~ e®), xeR. (3.5)

Plugging (3.5) into (1.7) and (1.8), after a detailed computation which is omitted here for brevity [33],
we can obtain (3.3) and (3.4). O
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Lemma 3.2. In the strongly repulsive interaction regime, i.e. § > 1, we have

d+2)B.p\ 72 2
o (B) ~ ¥ = ((JFCJ) LB~ A = T %yl +o(1), (3.6)
d
+d V2
E.(B) = yn d +0(1) E(B) = E,(B) + 7)/1 +o(1), B>1. 3.7)

Proof. When 8 > 1, the ground and first excited states can be approximated by the TF approximations
and/or uniformly accurate matched asymptotic approximations. For d = 1 and V(x) = L X , these
approximations have been given explicitly and verified numerically in the literature [10,1 1,13 14] and
the results can be extended to d dimensions (d = 1, 2, 3) as

BIF — VX))
B

A ngEX) R ngEX)[tanh(xl«/&(X)) —1], g (x)>0andx; >0,
W0~ ¢ =1 - fu y [e® 4 anh(x V)L g0 > 0andx <0, G9)

0, otherwise,

Pl (x) ~ " (x) = , xeR’ (3.8)

where ()4 := max{f, 0}, gi(x) = p}* — 1 J L vix; and ga(x) = ph'h — 221 L v7x7, and it

and MIIVIA can be obtained via the normahzatlon condition (1.4). Inserting (3.8) and (3.9) into (1.7), after
a detailed computation which is omitted here for brevity [33], we get (3.7). O

From Lemmas 3.1 and 3.2, we have asymptotic results for the fundamental gaps.

Proposition 3.1 (For GPE under a harmonic potential in non-degenerate case). When V(x) = V,(x)
satisfyingd = 1 or y; < y, whend > 2, i.e. GPE with a harmonic potential, we have

0,3+0(,3)
=y +o(1),

5,.(8) = { Ao, O<p <L, (3.10)

)
sP= { Lrito), B>

Proof. When 0 < B8 <« 1, subtracting (3.3) from (3.4), we obtain (3.10) in this parameter regime.
Similarly, when 8 >> 1, we get the result by recalling (3.6) and (3.7). U

Remark 3.1. Similar to Lemma 2.2, when 8 > 1, by performing asymptotic expansion to the next
order, we can obtain

V2 y2d+27E [ cy T e

o (B) =1+ ‘ T (Bz‘jg) +o(B772), B>1, (3.11)
2 20(d +2)" 72 [ C,; \ 72 )

a,t(ﬁ)=§yl+” e (Bzdﬂ) Lo(p), B> 1. (3.12)
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Again, to verify numerically our asymptotic results in Proposition 3.1, Figure 10 shows the ground
and first excited states of GPE in 1D with y; = 1 for different 8 > 0, which are obtained numerically
via the Backward Euler finite difference method [7-10]. Figure 11 shows energy of the ground state,
first excited state, i.e. excited state in the x|-direction, and excited states in the x,-direction and Fig. 12
depicts fundamental gaps in energy obtained numerically and asymptotically (cf. Eqs (3.11), (3.12) and
(3.10)) in 1D, 2D and 3D. From Fig. 12, we can see that the asymptotic results in Proposition 3.1 are very
accurate in both weakly repulsive interaction regime, i.e. 0 < 8 < 1, and strongly repulsive interaction
regime, i.e. B > 1. In addition, our numerical results suggest that both §z(8) and 6,,(B) are decreasing
functions for 8 > O (cf. Fig. 12).

Again, for general external potentials, the ground and first excited states as well as their energy and
chemical potential can be computed numerically via the Backward Euler finite difference method [7-10]
if the external potential is symmetric and via the method proposed in [15] with spectral discretization in
space if the external potential is asymmetric. Figure 13 depicts fundamental gaps in energy and chemical

potential of GPE in 1D with V(x) = % + Vo cos(kx) for different B, V, and k, and Fig. 14 shows the

0.8,

. ~-B=0

0.6} N ---8=10

— B =140

Ao — 3 =140

-5 0 5
T

Fig. 10. Ground states (left) and first excited states (right) of GPE in 1D with a harmonic potential V (x) = x2 /2 (dot line) for
different 8 > 0.

10 T T T
stk
> 6
<y
@
S 3
L0 ——E(¢),,)
——B(¢,,)
2 %E((/)J 7
O 1 1 1
0 50 100 150 200

B

Fig. 11. Energy Eg(B) := E(¢§) < E\(B) = E(¢} = ¢} ) < E2(B) := E(¢} ,) of GPE in 2D under a harmonic potential
with y; = 1 < y, = 2 for different 8 > 0. ’
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Fig. 12. Fundamental gaps in energy of GPE with a harmonic potential in 1D with y; = 1 (top), in2D with y; =1 < y» =2
(middle), and in 3D with y; = 1 < y» = y3 = 2 (bottom).

fundamental gaps of GPE in 1D with different convex trapping potentials growing at least quadratically
in the far field for different 8 > 0.

3.2. Degenerate case, i.e. dim(W;) > 2

We first consider a special case by taking V(x) = V,(x) satisfyingd > 2 and y; = y, := y.In
this case, the approximations to the ground states and their energy and chemical potential are the same
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0.8

Fig. 13. Fundamental gaps in energy (left) and chemical potential (right) of GPE in 1D with V (x) = % + Vo cos(kx) satisfying
Vok? = 0.5 for different 8, Vj and k.
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Fig. 14. Fundamental gaps in energy (left) and chemical potential (right) of GPE in 1D with (I) V(x) = % + 0.5sin(x),

() V(x) =% — x, (1) V(x) = % + 3 + x for different B > 0.

as those in the previous subsection by letting y» — y; = y. Therefore, we only need to focus on the
approximations to the first excited states, which are completely different with those in the non-degenerate
case.

Lemma 3.3. For weakly interaction regime, i.e. 0 < < 1, we have ford > 2

3]/ Bod 3)/ B()d
E\p) ==+ —B+oB), i) = —-+——F+op). (3.13)

Proof. For simplicity, we only present the 2D case and extension to 3D is straightforward. Denote

HOE (g) e ¢?<x>=\/ﬁ(§> xe T

When d = 2 and B = 0, it is easy to see that ¢;(x) := ¢?(x1)¢g(x2) and ¢, (X) = ¢g(x1)¢?(x2) are
two linearly independent orthonormal first excited states. In fact, W; = span{¢;, ¢»}. In order to find an

(3.14)
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appropriate approximation of the first excited state when 0 < 8 < 1, we take an ansatz
9ab(X) = api(x) + bpr(x),  x € R?, (3.15)

where a, b € C satisfying |a|> + |b|> = 1 implies l¢anll2 = 1. Then a and b can be determined by
minimizing E (¢, ). Plugging (3.15) into (1.8), we have for g > 0

2 2P 4 2(Jal + 6P)] = 3y + 22, (3.16)

vP [ e

E(p,p) =3
() J/+16

which is minimized when a? + b* = 0, i.e. a = +ib. By taking a = 1/+/2 and b = i/+/2, we get an
approximation of the first excited state as [16,22,35]

B y(x%ﬂg) 14 _ﬁ i0
¢ (X) X ¢y, (X) = ﬁ(xl +ixpe 7T = ﬁre ze, (3.17)

where (r, 0) is the polar coordinate. Substituting (3.17) into (1.8) and (1.7), we get (3.13). [

Lemma 3.4. For the 2D case with strongly repulsive interaction, i.e. d = 2 and 8 > 1, we have

Ei(f) = EM + 2\/;1n(/3)+(9(ﬁ 1), m(ﬁ)=M§F+§\/§ln(ﬂ)+0(ﬁ_%), (3.18)

TF _ 24d,,TF
whereu is given in (3.6) and E,;” = {55, -
Proof. From Lemma 3.3, when 0 < § « 1, the first excited state needs to be taken as a vortex-type
solution. By assuming that there is no band crossing when g > 0, the first excited state can be well
approximated by the vortex-type solution when 8 >> 1 too. Thus when 8 > 1, we approximate the first
excited state via a matched asymptotic approximation.

(i) In the outer region, i.e. |x| > o(1), it is approximated by the TF approximation as

Qui —y2rd)y

B ~~ out ~
¢y (X) = ¢ (x) 28 :

r > o(l), (3.19)

where 1 = w1 (B) is the chemical potential of the first excited state.
(ii) In the inner region near the origin, i.e. |x| < 1, it is approximated by a vortex solution with
winding number m = 1 as

or (%) ~ ¢p"(x) = \/%f(r)e”, x| < 1. (3.20)

Substituting (2.32) into (1.6), we get the equation for f(r)

22

1 1
—Ef”(r) - Zf/(r)+ f(r)+ —f(r)-i-mf (r)y=wmf@r), r=>0, (3.21)
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with BC f(0) = 0. When 8 > 1 and 0 < r < 1, by dropping the terms —%f”(r) and sz’z )
in (3.21) and then solving it analytically with the far field limit lim,_, . o, f(r) = 1, we get (2.34).
Combining the outer and inner approximations via the matched asymptotic technique, we obtain
an asymptotic approximation of the density of the first excited state as

2uir? 2uy — V2r2)+
1+ 2, r? 28 ’

Pl =l )| ~ r > 0. (3.22)

Substituting (3.22) into the normalization condition ||<b1ﬂ Il = 1 and (1.7), a detailed computa-
tion gives the approximation of the chemical potential and energy in (3.18). The details of the
computation are omitted here for brevity [33]. [

From Lemmas 3.3-3.4, we have asymptotic results for the fundamental gaps.

Proposition 3.2 (For GPE under a harmonic potential in degenerate case). When V(x) = V;(x) with
d > 2and y, = vy, ;= vy, i.e. GPE with a harmonic potential, we have

(1) when0< <K landd > 2

4—d)B 4—-d)B
s =y -0, s =y - P40y (3.23)

(ii) when 8> landd =2,

n |n n(ﬁ)) n |z ( (ﬂ))
) In , ) —In , 3.24
e(B) = B n(p) + 0( NG n(B) = B n(g) +o i (3.24)

which implies §g(B) — 0and §,(B) — O as B — oo.

Again, to verify numerically our asymptotic results in Proposition 3.2, Fig. 15 plots the ground state
¢§ , the first excited state qbf = ¢{9 , and the higher excited states ¢’15 , of GPE in 2D with a harmonic
potential (y = 1) for different 8 > 0, which were obtained numerlcally via the Backward Euler finite
difference method [7-10]. Figure 16 depicts the energy E,(B) = E(qbg) < Ei(B) = E(q§1 = (/51 ) <

E(¢ ,) for different B > 0 and the corresponding fundamental gaps in energy, and Fig. 17 shows the
fundamental gaps in energy of GPE in 3D with a harmonic potential. In addition, our numerical results
suggest that both §£(8) and 6,,(B) are decreasing functions for 8 > 0 (cf. Figs 16 and 17).

Based on the asymptotic results in Propositions 3.1 and 3.2 and the above numerical results as well as
additional extensive numerical results not shown here for brevity [33], we speculate the following gap
conjecture.

Gap Conjecture II (For GPE in whole space). Suppose Q = R? and the external potential V (x)
satisfies D>V (x) > y21, for x € R? with y; > 0 a constant.

(i) In the non-degenerate case, i.e. when dim(W;) = 1, we have

V2 V2
8g - g{)%(ﬁ) A Re 5, ¢ énfCS w(B) = R (3.25)
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Fig. 15. Ground state gbg (top row), first excited state — vortex solution |¢f = ¢ﬁ ,| (second row) and higher excited state in
x1-direction ¢’13 X (bottom row) of GPE in 2D with a harmonic potential (y = 1) for 8 = 0 (left column), 8 = 10 (middle
column) and = 100 (right column). The phase of the first excited state ¢‘3 = ¢ig ’v is displayed in the third row.
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Fig. 16. Energy Eg() := E(¢§) < E\(B) = E@} = ¢} ) < E2(B) := E(¢>f’,X1) = E(¢ﬁx2) of GPE in 2D under the

2,2
harmonic potential V (x) = % for different 8 > O (top) and the fundamental gap in energy 8 (B) for different 8 > 0
(bottom).

(ii) In the degenerate case, i.e. when dim(W;) > 2, we have

Se(B) =2 i — CiB, Bz —GCp, 0<BLI, (3.26)

where C; > 0 and C, > 0 are two constants independent of B. In addition, if the potential V (X)
is a harmonic-type potential, we have limg_, 1 o 6 (B) = 0 and limg_, , , §,(B) = 0.

4. Extensions to other BCs

In this section, we study the fundamental gaps of GPE on bounded domains with either periodic BC
or homogeneous Neumann BC.
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Fig. 17. The fundamental gaps in energy of GPE in 3D under a harmonic potential V(x) = (xf + x% + x%) /2 for different
B =0.

4.1. Results for the periodic BC

Take 2 = 2y and assume that ¢ satisfies the periodic BC. When d = 1, it corresponds to a BEC on a
ring [7]; and when d = 2, it corresponds to a BEC on a torus. In this case, the ground state ¢§ is defined
the same as in (1.9) provided that the set S is replaced by S = {¢| ||<1)||% = fQ lp(x)|>dx =1, E(¢p) <

o0, ¢ is periodic on 02}, and the first excited state ¢i’3 and the eigenspace W, are defined similarly. We
have the following results for the energy and chemical potential of the ground and first excited states.

Lemma 4.1. Assume V(x) =0, forall § > 0andd =1, 2, 3, we have

AZ
E.(B) =228,  ne(B) = A3,

2
272 A2 27, D
E((B) = L_%+7'3’ wi(B) = L—%"‘Aoﬂ-

Proof. For any ¢ € S, the Cauchy—Schwarz inequality implies that

2
1=||¢||;‘=(/ |¢>|2dx) </ |¢|“dx/ 1dx=%/ [ dx. 4.2)
Q Q Q Ag Ja

Thus, for all 8 > 0 and any ¢ € S, we have

1
E(p) = f [5|V¢|2 + §|¢|“] dx > gAé = g/ |Ao* dx = E(¢p = Ay). (4.3)
Q Q

Therefore, for all 8 > 0, we have
Pl (x) = p(x) == Ag, x€Q. (4.4)

Plugging (4.4) into (1.8) and (1.7) and noticing V (x) = 0, we obtain the first two equalities in (4.1).
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As for the first excited state, for simplicity, we only present 1D case and extensions to 2D and 3D
are straightforward. When d = 1 and 8 = O, it is easy to see that ¢ (x) = «/EAO cos(2mwx/L;) and
@ (x) = \/EAO sin(2rx /L) are two linearly independent orthonormal first excited states. In fact, in
this case, W; = span{¢;, ¢,}. In order to find an appropriate approximation of the first excited state
when 0 < 8 < 1, we take an ansatz

Pap(X) = a@i(x) +bpr(x), 0<x < Ly, (4.5)

where a, b € C satisfying |a|?> + |b|> = 1 implies ||¢,;|l» = 1. Then a and b can be determined by
minimizing E (¢, ). Plugging (4.5) into (1.8), we have for 8 > 0

2m? B

272 B B
L 2Ly

E(@as) = =5 + —[2(lal> + [b)* + |a* + b*|] >

4.6
L} 4L, (46)

which is minimized when a? 4+ b*> = 0, i.e. a = +ib. By taking a = 1/+/2 and b = i/+/2, we get an
approximation of the first excited state as

B (X) ~ ¢(x) 1= AgeH, 0 <x < Ly 4.7)
Similar to (4.2) and (4.3), we can prove rigorously that forall 8 > 0
1 () = ¢(x) = A M, 0<x < Ly (4.8)
Plugging (4.8) into (1.8) and (1.7), we obtain the last two equalities in (4.1). [
From (4.1), it is straightforward to have (with the proof omitted here for brevity).

Proposition 4.1 (For GPE on a bounded domain with periodic BC). Assume V (x) = 0, we have

2

2
Se(B) = 0u(B) = 77 B =0. (4.9)
1
Based on the above analytical results and extensive numerical results not shown here for brevity [33],
we speculate the following gap conjecture.

Gap Conjecture III (For GPE on a bounded domain with periodic BC). Suppose Q = Q¢ and the
external potential V (X) is convex and periodic, we speculate the following gap conjecture

272 27
0. > ’ 00 . > . .
Ly /;121% Se(B) 7 s, égf) 3,.(B) 2 (4.10)
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4.2. Results for homogeneous Neumann BC

Assume that @ C R? is a bounded domain and ¢ satisfies the homogeneous Neumann BC, i.e.
on®lae = O with n the unit outward normal vector. In this case, the ground state ¢§ is defined the
same as in (1.9) provided that the set S is replaced by S = {¢|[|¢[3 = fQ lp(x)]?dx = 1, E(¢) <
00, holse = 0}, and the first excited state qb’ls and the eigenspace W, are defined similarly.

Similar to Lemma 4.1 (with the proof omitted here for brevity), we have

Lemma 4.2. For the ground state d)f , we have for B > 0

B 0 — 1 re) A~(2) A2
¢, (X) =¢,(X) = ——=:= A0, X E,(B) = =B ng(B) = AgB. (4.11)

Vo ldx

However, for the first excited state, we first consider a special case by taking 2 = 2, and distinguish
two different cases: (i) non-degenerate case d = 1 or Ly > L, whend > 2 (& dim(W;) = 1); and (ii)
degenerate case L1 = Ly and d > 2 (< dim(W)) > 2).

Lemma 4.3. Assume Q = Qq satisfyingd = 1 or L1 > Ly when d > 2, i.e. non-degenerate case, we
have

(1) in the weakly repulsive interaction regime, i.e. 0 < f <K 1,

343 o’ 347 .
t BrolB). )= 22 +— B+o); (4.12)

2
E((B) = 2—L%

(1) in the strongly repulsive interaction regime, i.e. B > 1,

A2 4A 2
E\(B)="FF+ L8124 =+ o(1),

3L, L3
(4.13)
) 2Ap 12 2
mi(B) = AgB+ —B""+ — +o(l).
L L3

Proof. Here we only present the proof in 1D case and extension to high dimensions is similar to that in
Lemma 2.3. When d = 1 and 8 = 0, the first excited state can be taken as ¢? x) = «/EAO cos(mx/Ly)

for x € [0, L1]. When 0 < 8 < 1, we can approximate ¢f(x) by ¢)(x), i.e.
¢f (x) ~ ¢%(x) = V2Agcos(nx/L;), 0<x <Ly (4.14)
Plugging (4.14) into (1.8) and (1.7) with V(x) = 0, we obtain (4.12). When g > 1, i.e. in strongly

repulsive interaction regime, the first excited state can be approximated via the matched asymptotic
method shown in [13,14] as

MA
¢F (x) = pMA(x) = /M/IS' tanh(,/u’f“(%—x)), 0<x<Ly. (4.15)
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Substituting (4.15) into the normalization condition (1.4) and (1.7), we obtain (4.13), while the detailed
computation is omitted here for brevity [33]. [

Lemma 4.4. Assume Q2 = Qg satisfying L1 = L, := L and d > 2, i.e. degenerate case, we have

(i) in the weakly repulsive interaction regime, i.e. 0 < f K 1

2 2

T 5A 5A
573 T —/3 +o(B), ni(B) = oy + —/3 +o(B); (4.16)

E((B) = 7L

(1) in the strongly repulsive interaction regime, i.e. B > 1, and d = 2,

B
Exp)=75+ ﬁ In(8) + o(In(B)),

B
pi(B) = a7 m In(8) + o(In(B)).

4.17)

Proof. The proof is similar to that for Lemmas 2.4 and 2.5 in the box potential case and thus it is omitted
here for brevity [33]. O

Lemmas 4.3 and 4.4 implies the following proposition about the fundamental gaps.

Proposition 4.2 (For GPE on a bounded domain with homogeneous Neumann BC). Assume Q =
and V (x) = 0, we have

(1) ifd =1o0or L) > L, whend > 2, i.e. non-degenerate case,

72 A3 2 A3
sz T2 B +o), wxtaBt+o).  0spLL

5 = 1 S = 4.18
KOy 2o, PP ey 2o, g Y
(1) if Ly = L, := L, i.e. degenerate case, with0 < g K landd > 2,

Se(B) = n_z + L. +o(B) 8u(B) = 7,2 e +o(B). 4.19)

B =52 T TV e '
For the degenerate case with § > 1 andd = 2,
Se(B) = = 111(,3) + o(In(B)), 8,(B) = 2L2 In(B) + o(In(p)). (4.20)

The above asymptotic results have been verified numerically [33], which are omitted here to avoid this
paper to be too long. In addition, our numerical results suggest that both 8z (8) and §,(B) are increasing
functions for g > 0 [33].

Based on the above asymptotic results and numerical results not shown here for brevity [33], we
speculate the following gap conjecture.
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Gap Conjecture IV (For GPE on a bounded domain with homogeneous Neumann BC). Suppose Q2 is
a convex bounded domain and the external potential V (X) is convex, we speculate the following gap
conjecture

2 2

. /g . b4
5F o= Inf0p(B) > 5rs. BT = inf 8,(8) > o 4.21)

5. Conclusions

Fundamental gaps in energy and chemical potential of the Gross—Pitaevskii equation (GPE) with re-
pulsive interaction were obtained asymptotically and computed numerically for different trapping po-
tentials and a gap conjecture on fundamental gaps was formulated. In obtaining the approximation of
the first excited state of GPE and the fundamental gaps, two different cases were identified in high
dimensions (d > 2), i.e. non-degenerate and degenerate cases which correspond to the dimensions
dim(W;) = 1 and dim(W;) > 2, respectively, with W; the eigenspace associated to the second smallest
eigenvalue of the corresponding Schrodinger operator H := —%A + V(x). Our asymptotic results were
confirmed by numerical results. Rigorous mathematical justification for the fundamental gaps obtained
asymptotically and numerically for the GPE in this paper is on-going. Finally, we remark here that the
fundamental gaps in the degenerate case are the same as those in the non-degenerate case when one
requires the solution ¢ of (1.6) to be real-valued function instead of complex-valued function.
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