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Abstract
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We derive rigorously one- and two-dimensional mean-field equations for cigar- and pancake-
shaped Bose—Einstein condensates (BECs) with higher-order interactions (HOIs), which
originate from shape-dependent confinement corrections to the effective two-body atomic

interaction potential. We show how the higher-order interaction modifies the contact interaction
of the strongly confined particles. Surprisingly, we find that the usual Gaussian profile

assumption for the strongly confining direction is inappropriate for the cigar-shaped BEC case,
and a Thomas—Fermi-type profile should be adopted instead. Based on the derived mean-field
equations, the Thomas—Fermi densities are analyzed in the presence of the contact interaction

and HOI, and considering the limit of large contact interaction and HOI. For both box and
harmonic traps in one, two and three dimensions, we identify the analytical Thomas—Fermi
densities, which depend on the competition between the contact interaction and the HOIL.

Keywords: Bose—Einstein condensate, dimension reduction, higher-order interaction, Thomas—

Fermi approximation, modified Gross—Pitaevskii equation

(Some figures may appear in colour only in the online journal)

1. Introduction

Quantum-degenerate gases have been explored extensively
ever since the remarkable discovery of Bose—FEinstein con-
densate (BEC) in 1995 [1-3]. In typical BEC experiments, the
ultra-cold bosonic gases are dilute and interact weakly, where
only two-body interactions are relevant. As a result, the major
properties of the system are governed by these weak two-
body interactions [4-6]. Ideally, the BEC system is described
by the Hamiltonian for N identical bosons with binary inter-
actions as

HNﬁ(

k=1

ﬁz

2m

+ >0 V(X — x0),
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Vi + V(xk>]

0953-4075/16,/125304+16$33.00 1

where V (x) is an external trapping potential, Vi, is the inter-
atomic potential, x;, is the spatial coordinates for the kth atom,
h is the reduced Planck constant, m is the mass of the particle
and N is the total number of particles. The Gross—Pitaevskii
equation (GPE) for BEC, a mean-field approximation for the
above N-body Hamiltonian [6, 7], contains two key
assumptions. Firstly, the GP theory assumes that the N-body
wave function W(x,...,Xy, ) is the product of the single
wave functions v (X, t), i.e. the mean-field approximation,

N
\II(XI,""XN, t) ~ H /(/J(st l)
k=1

ey

Secondly, although the atomic interaction potentials are rather
complicated, they can be described effectively by the two-
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body Fermi contact interaction—the interaction kernel taken
as the Dirac delta function ¢ (-)—in the ultra-cold dilute
regime, with a single parameter, the zero energy s-wave
scattering length a, i.e.

Vine Xj — Xp) = Vg (X — Xp) == 850 (X; — Xp), )

and g, = % The above two assumptions lead to the well-
known cubic nonlinear Schrodinger equation, which is also
known as the GPE, where the nonlinearity arises from the
effective interaction potential approximation. This effective ¢
potential is the heart of the mean-field GPE theory for BEC
[6, 7]. Based on the GPE, various aspects of BEC have been
extensively studied, including the static properties [7-9] and
dynamic properties [10-12].

The treatment of effective two-body contact interactions
has been proven to be successful, but it is limited due to the
low energy or low density assumption [13]. In the case of
high particle densities or strong confinement, there will be a
wider range of possible momentum states and correction
terms should be included in the GPE to provide a better
results [14, 15]. In [15, 16], shape-dependent confinement
corrections to the effective potential have been explained and
derived as

Vine X5 — Xp) = Ve (X — Xp) + Vhoi (Xj — Xi), 3)
where
_ S8 2 2
Vhoi (X) = T[é(X)V + V26 (x)], “)
and g = %2 — %% with r, being the effective range of the

two-body interactions. Within the perturbation framework,
taking the above higher-order interaction (HOI) (or effective
range expansion) V;,,; into account, a modified GPE (MGPE),
which is equation (5), is obtained by inserting (3) into the N-
body Hamiltonian with the mean-field approximation
[15-18].

Based on the MGPE (5), [19-21] have shown the sta-
bility conditions and collective excitations of a harmonically
trapped BEC. In the Thomas—Fermi (TF) limit regime (large
particle number), [22] showed the approximate density profile
for BEC with HOI in a radial trap. On the other hand, in most
experiments, a strong harmonic trap is applied along one or
two directions to confine (or suppress) the condensate into a
pancake or cigar shape, respectively. In such cases, the usual
TF approximation for the full three-dimensional (3D) case
becomes invalid. It is then desirable to derive the effective
one- (1D) and two-dimensional (2D) models, which offer
compelling advantages for numerical computations compared
to the 3D case.

In this paper, we present effective mean-field equations
for trapped BECs with HOI in one and two dimensions. Our
equations are based on a mathematically rigorous dimension
reduction of the 3D MGPE (5) to lower dimensions. Such
dimension reduction has been formally derived in [9, 23—
27] and rigorously analyzed in [28, 29], for the conventional
GPE, ie. without HOI. While for the MGPE, to our
knowledge, this result has not been obtained, except for
some preliminary works [17, 21], where the Gaussian

profile is assumed in the strongly confining direction fol-
lowing the conventional GPE case. Surprisingly, our find-
ings suggest that the Gaussian profile assumption is
inappropriate for the quasi-1D BEC. In the derivation of the
quasi-1D (2D) model for the BEC with HOI, we assume that
the leading order (in terms of aspect ratio) of the full 3D
energy is from the radial (longitudinal) wave function, such
that the BEC can only be excited in the non-confining
directions, resulting in effective 1D (2D) condensates.
Based on this principle, we show that the longitudinal wave
function can be taken as the ground state of the longitudinal
harmonic trap in quasi-2D BEC, and the radial wave func-
tion has to be taken as the TF type (see (11)) in quasi-1D
BEC, which is totally different from the conventional GPE
case [17, 21]. Furthermore, we derive simple TF densities in
1D, 2D and 3D from our effective equations, with different
HOI and contact interaction parameters, for both harmonic
and box potentials. These results yield very interesting
phase diagrams of the TF ground-state densities regarding
the contact interaction and HOI. We compare the ground
states of the quasi-1D and quasi-2D BEC with the ground
states of the full 3D BEC and find good agreement. In
particular, our ground states are good approximations to
those of the full 3D MGPE in regimes where the TF
approximation fails.

The paper is organized as follows. In section 2, we
introduce the modified GPE in the presence of HOI that will
be considered in this paper. As the first main result, we pre-
sent in section 3 the mean-field equation for the quasi-1D
cigar-shaped BEC. We compare the ground-state solutions of
this 1D equation with the full 3D computation. In section 4,
we present the second main result, the mean-field equation for
the quasi-2D pancake-shaped BEC. Comparisons are made
between ground-state density profiles of the 2D equation and
ground-state density profiles calculated from the full 3D
model. In section 5, we provide a complete summary of the
TF approximations in 1D, 2D and 3D cases, with harmonic
potential or box potential separately. Depending on the HOI
strength and contact interaction strength, the TF approxima-
tions are surprisingly different in different regimes, which are
shown in figure 3, and they are compared with the corresp-
onding ground-state solutions obtained via mean-field
equations. Finally, we present our conclusions in section 6.
Appendix A provides the details of the dimension reduction
from the full 3D MGPE to our 1D mean-field equation, and
appendix B provides the details for the reduction to the
2D case.

2. 3D modified GPE

At temperature 7 much lower than the critical temperature 7T,
the mean-field GPE of a BEC may include the HOI effect
[15, 21]. Inserting the HOI correction into the two-body
interaction potential, we can obtain the MGPE [16, 17] for the
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wave function v := Y (X, t) as
. /i?
1201 = [—%Vz + V4 gyl + g V? |¢|2)]¢, &)

where x = (x, v, )7 € R3 is the Cartesian coordinate vector,
& = % is the contact interaction strength.

The last unusual nonlinear term (not present for con-
ventional GPE [6, 7]) accounts for the HOI correction to the
effective two-body interaction potential [15, 16], which is
nonlocal and the strength is given by the parameter
g8 = %2 — % For the hard sphere potential case, 7, = %as.
V := V(x) is the given real-valued external trapping potential.
As in typical current experiments, we assume that the BEC is

confined in the following harmonic potential
V(x) = %[wiﬁ + wly? + Wi, 6)

where w, > 0, wy, > 0 and w, > 0 are trapping frequencies in
x-, y- and z-direction, respectively. The wave function ¥ is
normalized as

[0l = [ e oPds =N, @)

where N is the total number of particles in BEC.

We introduce the dimensionless quantities by rescaling
length, time, energy and wave function as x — Xxx,, t — t/wy,
E — E/wy and Y — N /xf, respectively, where x, =

Va

with wy = min{w,, wy, w,}. After rescaling, the
mwgy )
dimensionless form of the MGPE (5) reads

101 = —%V% + V@Y + BIRPY = SVA(IWPY, (8)

with
a 47N (a?  a’r,
=47N-=, §=——n| 2 - 22|, 9
b X x ( 3 2 ] ®
and the dimensionless trapping potential is V(x)=

’yixz/Z + 'yiyz/Z + 7§z2/2 with 7, = w/wo, 7, = wy/wo
and v, = w,/wp. The normalization condition becomes

leolP = [ leex nPax = 1. (10)

When § = 0, the MGPE (8) collapses to the conventional
GPE and the corresponding dimension reduction problem has
been studied in [9, 23-28] and references therein. When
6 < 0, there is no ground state of (8), and when § > 0 and the
trapping potential is a confinement, there are ground states of
(8) and the positive ground state is unique if 5 > 0. Thus
hereafter we assume § > 0.

3. Quasi-1D BEC with HOI

With a sufficiently large radial trapping frequency, it is pos-
sible to freeze the radial motion of a BEC [30], and then we
have a quasi-1D system. Intuitively, the energy separation

between stationary states is much larger in the radial direction
than in the axial direction, and the dynamics is then frozen in
radial direction. As a consequence, the wave function of the
system is in the variable separated form, i.e., it is the multi-
plication of the axial direction function and the radial direc-
tion function. In this section, we present an effective mean-
field equation for the axial wave function of the BEC with
HOIL, by assuming a strong radial confinement.

3.1. 1D mean-field equation

In order to derive the mean-field equation for the axial wave
function, we start with the 3D MGPE (5) and assume a har-
monic potential with w, = w, = w, > w,. Choosing the
rescaling parameters used in (8) as wy = w;, X, = /7 /muw,,
we now work with the dimensionless equation (8). In the
quasi-1D BEC with HOI, the 3D wave fuction can be fac-
torized as

an

with appropriate radial state function ,, and x,,, € R. Once
the radial state x,, is known, we could project the MGPE (8)
onto the axial direction to derive the quasi-1D equation. The
key to find such y,, is the criterion that the energy separation
between stationary states should be much larger in the radial
direction than in the axial direction, i.e., there is an energy
scale separation between the radial state x,, and the axial
wave function.
We denote the aspect ratio of the harmonic trap as

P (x, 1) = e Ml (x, Yip(z, 1),

Y = wr/ws. (12)
For the conventional GPE, i.e., 6 = 0, a good choice for x,,
is the Gaussian function [9], which is the ground state of the
radial harmonic trap, as x,, (r) = \/; e% . The reason is that
the order of the energy separation between states of the
conventional BEC is dominated in the radial direction by the
radial harmonic oscillator part, which is O (y), much larger
than the interaction energy part if 3= O(l) by a similar
computation shown in appendix A. Alternatively, it would be
possible to use a variational Gaussian profile approach to find
Xop(r) [25]. In a similar dimension reduction problem for
cold Fermi gases [32], the profile x,, is chosen based on
comparison between energy levels of the harmonic oscillator
and Fermi energy. For a BEC with HOI, the extra HOI term
contributes to the energy. Thus, a more careful comparison
between the kinetic energy part and the HOI energy part is
needed.

By detailed computation (see appendix A), we identify
the energy contribution from the HOI term (A5) in transverse
direction to be dominant when ~ > 1. This is a completely
different scenario as compared to the conventional GPE, in
which the transverse harmonic oscillator terms are dominant.
The explicit form for the transverse radial state function
X,p (r) for the quasi-1D BEC with HOI is determined as

’Y(Rz - V2)+ [ B
Y = + s
4.,/26, g g Y

Xap (X, ¥) &~ (13)
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Figure 1. Quasi-1D ground state. Red line: approximation (13) in radical direction and numerical solution of (14) in axial direction. Blue line:
traditional Gauss approximation in radical direction and corresponding numerical solution in axial direction. Shaded area: numerical solution
from the original 3D model (8). The corresponding ~s are given in the plots. For other parameters, we choose § = 1, § = 20.
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where R = 2(%)6, S and (f), =
max {f, 0}.

It is worth pointing out that the determination of the
radial state x,,(r) is coupled with the axial direction state
(see (A3)). Therefore, a coupled system of the radial and axial
states is necessary to get more refined approximate density
profiles for ground states, as compared to the above approx-
imation x,, (r).

In the axial z-direction, multiplying (8) by x,, and
integrating the x, y variables, we obtain the mean-field
equation for the quasi-1D BEC with HOI as

1
i0, , 1) = ——0 Vi
101p(z, 1) 5 :Vip + Vip (@Y (14)
+ 81 [P i — 61 (OlvipP)¥ip,
where Vip(2) = %’yzzz = %Zz, and
5% 3 12 3§ ﬁvg
LNy N L A 15a
& 3 a4 s & ()
PR L (15h)
= —F—077Y7.
Ty s

From equation (14), it is observed that the HOI provides extra
repulsive contact interactions in the quasi-1D BEC. More
interestingly, the first term in (; suggests that the contact
interaction is dominated by the HOI part.

If the repulsive contact interaction dominates the
dynamics in (14), we could neglect the kinetic and HOI parts
to obtain an analytical expression for the quasi-1D BEC with
HOI. This agrees with the usual TF approximation for a
conventional quasi-1D BEC, and its validity is shown in

section 5 (referred to as region I). In such situation, the
approximate density profile is given as:

_ (2 — 224

201

nip(2) = [Yiplf (16)

1
where z* = (37’1‘)2
In figure 1, we compare the ground-state densities of
quasi-1D BEC with HOI determined via (14) and the num-
erical results from 3D MGPE in (8) by integrating over the
transversal directions. As shown in the figure, our proposed
1D equation, equations (13), and (14) describe the BEC
accurately in axial and radical directions separately, while the
traditional Gaussian approximation totally fails.

4. Quasi-2D BEC with HOI

In this section, we consider the BEC being strongly confined
in the axial direction, which corresponds to the case
0 < v < 1. Accordingly, we choose rescaling parameters
used in (8) as wy = w,, x;, = /%2 /mw,, and we work with the
dimensionless equation (8).

Similar to the case of quasi-1D BEC, we assume that the
wave function can be factorized in the quasi-2D case as

1/’(7(, t) = eii#”)thD(x’ y7 t)XlD(Z)’ (17)

for appropriate longitudinal state x;,(z) and 1, € R.
Following the same procedure as that for the quasi-1D
BEC case, we find that the leading-order energy separation in
the z-direction is due to the longitudinal harmonic oscillator,
while the cubic interaction and HOI parts are less important
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Figure 2. Quasi-2D ground state. Red line: approximation (18) in axial direction and numerical solution of (19) in radical direction. Blue
dashed line: Thomas-Fermi approximation of (21) in radical direction. Shaded area: numerical solution from the original 3D model (8). The
corresponding +’s are given in the plots. For other parameters, we choose § =5, 6 = 1.

(see appendix B for details). This fact suggests that the
ground mode of the longitudinal harmonic oscillator, i.e. a
Gaussian type function, is a suitable choice for y,,(z). To be
more specific,
R
Xip @) ~ (—) e 7, (18)
™y
and p,, &~ 1/27.

Substituting (17) with (18) into the MGPE (8), then
multiplying (8) by x;, and integrating the longitudinal z out,
we obtain the mean-field equation for the quasi-2D BEC with
HOI as

. 1
i0pap = — Evzlbzu + Vap(x, ¥)¥2p

+ B [Yaplibap — 62 (V2 [¥ap) o, (19)
where Vop (x, y) = %(x2 + y?) and
=L L 5=2 (20)

N2y 23 N2y .

Similar to the quasi-1D BEC case, HOI induces effective
contact interaction in the quasi-2D regime, which dominates
the contact interaction (3 part). We then conclude that even
for small HOI 6, the contribution of HOI could be significant
in the high particle density regime of quasi-2D BEC.
Analogous to the quasi-1D BEC case, we can derive the
usual TF approximation when the repulsive interaction (3,
dominates the dynamics, and the analytical density for the
quasi-2D BEC with HOI reads as
2 2
nap () = ol = B

203,

= TR,

21

1
where R = 47132 ‘.

In order to verify our findings in this section, we compare
the quasi-2D  ground-state  densities obtained via
equation (19), TF density (21) and the numerical results from
the 3D MGPE (8) by integrating z out. The results are dis-
played in figure 2. The BEC is broadened compared to the
analytically predicated profile because of the effective repul-
sive interaction from the HOIL Thus, in the regime of small or
moderate interaction energy (3, the usual approach to BECs
with HOI via conventional TF approximation fails. On the
other hand, it turns out that our proposed 2D equation,
equation (19), is accurate for quasi-2D BEC in the mean-field
regime at experimentally relevant trap aspect ratios 7.

5. TF approximation

In previous sections, we have derived 1D (14) and 2D (19)
equations for the quasi-1D and quasi-2D BECs, respectively.
Indeed, all the 1D (14), 2D (19) and 3D (8) equations can be
written in a unified form as

10yh = *%Vzw + V@Y + B1PY — V(P Y, (22)

where x € RY, d =3,2,1, 3 and § > 0 are parameters.
Though V(x) is assumed to be harmonic potential in the
previous derivation, it is not necessary to restrict ourselves for
the harmonic potential case. Thus, we treat V (x) as a general
real-valued potential in this section. In particular, we will
address the cases when V (x) is a radially symmetric harmonic
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Figure 3. Phase diagram for extreme regimes: (a) is for harmonic
potential case and (b) is for box potential case. In the figure, we
choose By > 1 and §, > 1, and Cy, C, and C, positive constants.

potential as

V) = %w%r% (23)

r=Ixl,

where 7, > 0 is a dimensionless constant, or a radial box

potential as
0, 0<r<R,
Voox (X) = {
o0,

24
r > R. (24)

As pointed out in the quasi-1D, 2D cases, analogous to
the conventional BEC, a dominant repulsive contact interac-
tion will lead to analytical TF densities. However, with HOI
(22), the system is characterized by two interactions, contact
interaction strength  and HOI strength 6, which is totally
different from the classical GPE theory where the BEC is
purely characterized by the contact interaction (3. Hence, for
BEC with HOI (22), it is possible that HOI competes with
contact interaction, and may be the major effect determining
the properties of BEC. In this section, we will discuss how the
competition between (3 and § leads to different density profiles
for the strong interactions (|§|, 6 > 1), where the kinetic
energy term is always dropped (see discussion below), and we
refer to such analytical density approximations as TF
approximations [7]. We notice that it might not be necessary
to consider HOI as the key factor of BEC in three dimensions
in current BEC experiments, but we treat 6 and 3 in (22) as

arbitrary parameters and the result presented here may find
applications in future and/or in other fields.

In previous sections on quasi-1D and 2D BECs, we have
given the analytical TF densities for a 3 dominant system. For
the general consideration of the large § and 6 interactions, we
show in figure 3 the phase diagram of the different parameter
regimes for 3 and 8, in which the TF approximation are totally
different. Intuitively, there are three of them: the (§ term is
more important (regime I in figure 3), the ¢ term is more
important (regime III), and the [ term is comparable to the ¢
term (regimes II and IV). Detailed computations and argu-
ments for the regimes shown in figure 3 can be found in
appendix C. Based on figure 3, we will discuss the harmonic
potential case and the box potential case separately.

5.1. TF approximation with harmonic potential

d+2
From figure 3(a), the curve § = O (64+4) is the boundary that
divides the regimes for harmonic potential case. To be more
specific, if 3> 6%3, the cubic nonlinear term is more

important, and vise versa. If § = 0(6%), both of the two
nonlinear terms are important, and have to be taken care of in
the TF approximation. The resulting analytical TF density
profiles in different regimes, are listed below:

Regime I: ie. B> §i-1, the 6 term and the kinetic energy
term are dropped, and the density profile is determined as

_ B =),

ne(r) = |ref T (25)

where R = (%)AZ, and the constant C‘d is defined as
5od=1,

Cy= % d=2, (26)
2, d=3

With the above TF densities, the leading-order approxima-

tions for chemical potential x and energy E of the ground

1 RPN d + 2
state are: fip = E((d + 2)Cy B)arayg?, Evp = —— i for

d + 4
the d (d = 3, 2, 1) dimensional case.
Regime II: ie. 3 = CySii+ with Cy > 0, neglecting the kin-
etic term in the time-independent MGPE, we have

d+2

7 IxP a2

= Tw + Cobas [P — sV2([YPy. (27
Formally, equation (27) degenerates at position X if ¢)(x) = 0
and it is indeed a free boundary problem (boundary of the
zero level set of 1), which requires careful consideration.
Motivated by [22] for the 3D case, we impose n'(R) = 0
besides the condition that n(R) = 0 along the free boundary
|x| = R, and we assume n(r) = 0 for r > R.

The TF density profile in regime II is self similar under
appropriate scalings. To be more specific, the analytical TF
density takes the form

nrr(r) = el = 8 atang (5~ avar), (28)
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where ng(r) is a function that can be calculated exactly as
below.

Plugging (27) into (28), we obtain the equation for ny ()
by imposing the aforementioned conditions at the free
boundary,

vor? d -

1
+ Cong — Opig(r) — Orno (1),

a= (29)
r

for r <R and ny(s) =0 for s > R, and ny(R) =0,

né (R) = 0, where R is the free boundary that has to be

determined and [ = (5fﬁu. In addition, we assign the

boundary condition at r = 0 as né (0) = 0, because of the

symmetry.

Note that C can be negative as the § term can bound the
negative cubic interaction, which corresponds to regime IV.
In fact, for regime IV, we will repeat the above procedure.

Denote a = \/FO and the ordinary differential
equation (29) in d dimensions can be solved analytically.
Denote

e 4+ e 9, ford =1,
Joa (r) =4 Io(ar), ford = 2, (30)
(e —e ) /r, ford =3,

where [ (r) is the standard modified Bessel function I, with
a = 0. Then the solution of equation (29) with prescribed
Neumann boundary conditions reads as

i dvi iR
+(%—%)+ J0% (). G

e
a a a2fa/!d (R)

24>

no(r) =

Inserting the above expression to the normalization condition
that fR" no(x)dx = 1, we find chemical potential,
Cya® dv3R?

R4 2d +2)

f= (32)

Combining (31) and (32), and noticing the Dirichlet condition
n(R) = 0, we have the equation for R,

( (aR)?

C‘da4
V3R

112 + dya/,d (R) = a’Rf, 4(R). (33)

Thus, the free boundary R can be calculated and ¢ (r) is
then determined.
Regime III: ie. 0 K §i's, the [ term and the kinetic energy
term are dropped, and the TF density profile is
_ BR -

nre(r) = [Ymeff = ———,

34
8(d +2)6 54)

1
2 A~ S Yd+4
where R = (w) - Again, the leading-order

Yo
approximations for chemical potential and energy, with
. —d
the above TF  densities, are jpp = T
=~ 2 d+4 .
(d + 2)2(d + 4)Cd5’yg+2)d+4, Etp = —di6'uTF n d

dimensions.

Regime IV:ie. 0 = 7C06% with Cy > 0. By using a similar
procedure as for regime II, we can get (28) and

2.2

- r d—1
= %2 — Cong — Opng(r) — . Orno (1),

(35)

for r<R and ng(s)=0 for s >R, and ny(0) =0,
no(R) = 0, nj(R) = 0, where R is the free boundary that

has to be determined and ji = § a4y, Again, let a = \/C,
and denote

cos(ar), ford=1,
Jo(ar), ford =2,
sin(ar)/r, ford =3,

8aa(r) = (36)

where Jy (r) is the Bessel function of the first kind J, (r) with
o = 0. The solution of equation (35) with the assigned
Neumann boundary conditions can be written as:
vt (ﬂ N d_v%) _ R
/!
a’g, ,(R)

no(r) = 8aa(r).  (37)

242 a? at

The chemical potential is then calculated from normalization

condition as

Cya? d’)/(z)Rz
RE T 2d+2)

= (38)

Finally, the free boundary R is determined from the Dirichlet
condition ny(R) = 0,

( a’R?

+
d+2
After R is computed, we then find nq(r).

In figure 4, we compare the analytical TF densities (25),
(28) and (34) with the numerical results computed via the full
equation (22) by the backward Euler finite difference (BEFD)
method [31]. We observe that in all the extreme regions, the
analytical TF densities agree very well with the full equation
simulations. As a byproduct, we compare the corresponding
chemical potentials and energies in figure 5.

It has been shown that the usual TF densities provide
accurate approximations for the density profiles for quasi-1D
an 2D BECs. Indeed, we can check that for fixed 3D para-
meters 3 and 4, the effective contact interaction 3; and HOI §;
(or 3, and 6,) for quasi-1D (2D) condensate are in the TF
regime I in the quasi-1D (2D) limit, i.e. ¥ — oo (y — 07T).
This justifies that the effective contact interactions are
dominant for the dynamics in the quasi-1D (2D) limit.

For instance, we know (3 ~ 0(7%) and 6; ~ O(Py%) in
quasi-1D limit, and it implies that 3, > 6?/ 5 as v > 1. This
immediately suggests that the TF density (25) is a good
approximation for the density profiles in the quasi-1D limit
regime, which has been shown in figure 1. In the quasi-2D
limit, ie. v— 0, we find B, > 623 in view of
B2~ O(y3%) and 6, ~ O(y~'/2), which again confirms
that the TF density (25) is a good approximation for the
density profile, as observed in figure 2.

C’da4
ToR?

- d)ga’,dm) = aRg,,(R).  (39)
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Figure 4. Comparisons of 3D numerical ground states with TF densities, the harmonic potential case in regions I, II, III and IV, which are
defined in figure 3(a). Red line: Thomas—Fermi approximation, and shaded area: numerical solution from the equation (22). The parameters
are chosentobey = 2 and (I) 3 = 1280,6 = 1; (II) 8 = 828.7,6 = 1280; (II) 8 = 1,6 = 1280; (IV) 8 = —828.7, § = 1280; respectively.

5.2. TF approximation with box potential

In this section, we consider the box potential case, which
confines the BEC in a bounded domain {|x| < R}. Using a
similar method for the harmonic potential case, we can obtain
the analytical TF densities if the contact interaction and/or
HOI dominates the ground state in equation (22). The ana-
Iytical TF densities for different regimes which are shown in
figure 3(b) are derived. The borderline of the three regimes is
B8 = 0(6), which is different from the harmonic poten-
tial case.

Regime I: the (3 term is dominant, i.e. 3> 1 and 6 = o(8).
The kinetic term and the HOI term are dropped and
the time-independent MGPE in the radial variable r
becomes

1 (r) = B 1YP, (40)

0<r=Ix| <R,
with boundary condition ¢ (R) = 0. Thus, the TF density is a
constant, which can be uniquely determined by the normal-
ization condition ||¢|| = 1. Explicitly, the TF density is given
by ne(r) = [P = %, and pipp = CRLf, where C; is defined
in the previous subsection.

It is obvious that the TF density is inconsistent with a
zero boundary condition, thus a boundary layer appears in the
ground-state density profile [24]. In fact, as shown in [24], for
the case d = 1, an asymptotic analysis to match the boundary
layers at x = +R leads to the following matched density for

0<r=|x] <R when 3> land § ~ o(1),

Mas (1) = [Yusf® = %(tanh(\/u_as(R - M), (4D

with the chemical potential i, = iﬂ + %,l%, and the

energy E,, = ﬁﬁ + % %. Similar matched densities can
be derived for d = 2, 3.

From our numerical experience, the matched asymptotic
density n,, provides much more accurate approximation to the
ground state of equation (22), than the TF density nrg, in the
parameter regime G > 1 and 6 = O(1).

Regime II: both § and ¢ are important, i.e. 3= O(6) as
6 — oo. We assume that 3 = Cyb, with 6 > 1 for some
constant Cy > 0.

Omitting the less important kinetic part, the radially
symmetric time-independent MGPE reads

pap(r) = Cob [P — 6V (1Y),

r <R, (42)

with 1 (R) = 0. The above equation can be simplified for
density n(r) = |1|* in d dimensions as

d—1

B — con(r) — 8,n —

o,n,
)

(43)

with n(R) = 0, and at r = 0 with »n’'(0) = 0. Equation (43)
can be solved analytically.
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Figure 5. Comparisons of numerical energies and chemical potentials with TF approximations, the harmonic potential case. The 3D problem
is considered here. Blue line: Thomas—Fermi approximation, and red circles: numerical results obtained from the equation (22). The

parameters are chosen tobe y =2 and ) 6 = 1, (I) 5 = 563, am g=1,dv) g = —553, respectively.
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The TF density, or the solution of the boundary value
problem (43), is given explicitly as
fra (r)]

1 —
l Ja.a R

where a = \/F s Jo.q(r) is defined in equation (30) and

fORf;;,d (r)rd"dr
Jaa (R)

equation (26). Further, we have Etgp = fi1p/2,

Regime III: 6 term is dominant, i.e. § > 1, § = 0(6). The

kinetic term and the § term are dropped. The corresponding

stationary MGPE for the ground state reads

pp = =V ([WP),

with boundary condition ¢ (R) = 0.
Solving the equation and using the normalization con-
dition, we obtain the TF density as

_ @+ 2GR
- IRA+2

with chemical potential jipp = Cyd(d + 2)§/R+?  and
energy Etp = fipp/2.

Regime 1V: ie. = —Cy6, with 6 > 1 for some con-
stant Cy > 0.

Intuitively, if Cy is small, the repulsive HOI ¢ term is
dominant and the particle density will still occupy the entire
domain. If C is sufficiently large, the attractive 3 interaction
becomes the major effect, where the particles are self-trapped
and the density profile concentrating in a small portion of the
domain. Therefore, unlike the corresponding harmonic
potential case, we have two different situations here.

By a similar procedure as for regime II, we get

d—1

Hr

nre(r) = WTF|2 = 26

(44)

Hopp = C'dazé/(Rd —d ) with €, defined in

(45)

nre(r) = |1/JTF|2 s (46)

6

with n(R") = 0 and R’ to be determined. In the first situation,
the density spreads over the whole domain and thus R’ = R;
in the second situation, the density is constrained to a small
region [0, R'], where 0 < R’ < R.
Case I: i.e. Cy < Cyy, where Coy = R*/R? and R is the first
positive root of ga"d(r/a) = 0, where g;’d(r) is defined in
equation (36) with a = \/FO . As mentioned before, because
of the relatively weak attractive interaction, we have the
following boundary conditions at the boundary:
n(R) =0, n'(0) = 0.

The TF density, or solution of equation (47), can be
expressed as:

Con(r) — Opn — on, @7

8aa ()
nrp = |rft = — 4|1 — 2ed | 48
TF = |{1¥] azé[ ga,d(R)] (48)
~ ng d(r)r"’]dr
with ILLTF = Cdazé doagT — Rd and ETF =

fi1g/2, where Cy is given in (26).

In fact, the condition Cy < C;, which is equivalent to
aR < R, is necessary. A simple argument for d = 2, 3 case is
as follows. If aR > R, we know from the property of 8aa (")

10

that the image of g, ,(r) for r € [0, R] is exactly the image of
8u.q(r) forallr > 0 and g, ;,(R) € (ming, ,(r), maxg, ,(r)).
Then we can find ry € (0, R) such that 80.a(10) = 8,4 (R),
and1 — g, ,(r)/g, ,(R) changes signs for r around ro. On the
other hand, 1 — g, ,(r)/g, 4(R) cannot change signs in [0, R]
since the density must be non-negative. So we get a contra-
diction. Hence aR < R, i.e. Cy < Cyr.
g;’d at r/a can be computed as

— asin(r), d=1,
g, (r/a) == ah(), d=2,
a*(rcos(r) — sin(r))/r?, d =3,

(49)

and we have for 1D case, R = ; for 2D case, R = 3.8317...;
for 3D case, R = 4.4934....
Case II: Cy > C,;. As observed above, the densities drop to 0
before reaching the boundaries. Thus, free boundary condi-
tions should be used as n(R) = 0, n'(R) = 0, n'(0) = 0,
where R < R is the boundary for the TF density that we want
to find.

Hence the domain [0, R] in case I needs to be replaced by
[0, R] with ' (R) = 0. Denoting a = \/C, and using the
solution in case I, we get g(l" d (R) =0, and aR < R. Both
conditions can only be satisfied when aR = R.
Hence R = R/a < R.

Replacing R with R/a in the TF solution of case I, we
obtain the analytical TF density

Cyal 8.a()
mr(r) = [ml? = = |1 = =27 |, (50)
ga,d (;)
where R is defined in case 1. Further we have

HTp = —Cdad+26/éd and ETF = :LLTF/Q"

In figure 6, we compare the analytical TF densities listed
above with the ground state obtained from numerical results
via equation (22) computed by the BEFD method [31] in the
various parameter regimes discussed above. Figure 6 shows
our analytical TF densities are good approximations for the
ground states. Figure 7 compares the chemical potentials and
energies between the TF approximations and the numerical
values by solving equation (22).

6. Conclusion

We have presented the mean-field modified Gross—Pitaevskii
equations for quasi-1D, equation (14), and quasi-2D,
equation (19), BECs with a higher-order interaction (HOI)
term. These equations are based on a rigorous dimension
reduction from the full 3D MGPE with the assumptions that
the energy separations in radial and longitudinal directions
scale differently in the strongly anisotropic aspect ratio limit,
and the wave function can be separated into radial and
longitudinal variables. By carefully studying the energy
separation, we obtain the correct radial or longitudinal states
used in the dimension reduction. In particular, it is quite
interesting that the radial states have to be taken in a form
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Figure 6. Comparisons of 1D numerical ground states with TF densities, the box potential case in region L, II, Il and IV, which are defined in
figure 3(b). Red line: analytical TF approximation, and shaded area: numerical solution obtained from (22). Domain is {r|0 < r < 2} and the
corresponding (s and 6s are (I) 5 = 1280, § = 1; (II) 8 = 320, 6 = 160; (II) 8 = 1, § = 160; (IV) § = —400, 6 = 80.

different from the ground state of radial harmonic potential in
the quasi-1D BEC, which is counterintuitive compared with
the conventional GPE. Our result shows that quasi-1D and
quasi-2D BECs with HOI are governed by a modified contact
interaction term and a modified HOI term, and all the
equations for quasi-1D and quasi-2D BECs have the same
form as the 3D MGPE.

We have computed the ground states of our 1D and 2D
equations numerically and compared them with the ground
states of the 3D MGPE, and we find excellent agreements.
We have also determined Thomas—Fermi approximation in
various parameter regimes with both box potential and har-
monic potential, for the 1D, 2D and 3D cases. TF approx-
imations become very complicated in the presence of HOI
since HOI competes with contact interaction.

Appendix A. Derivation of the quasi-1D equation

Under the assumption in section 3, we take the ansatz

Y(x, y, 2, 1) = e iy, (x, VUi (2, 1), (A1)

where the transverse state is frozen, i.e. x,, is independent of
time. We take X, to be the radial minimum energy state
because the energy separation is much larger in the radial
direction than that in the longitudinal z-direction.

Substituting (Al) into equation (8), we can get the
equations for vp for appropriate fi,,, as

i0ip(z, t) = [— %821 + Vin(@) + Bi [ipl?

(A2)
- 51(8zz|¢10|2)]¢10,
where Vi (2) = %Zz’
6= 5 [[ixol'ardy + 8 1V PPy, (A30)
5 =6 f/ Ixapl*dxdy, (A3b)

and V| = (0,, 9,)T. It remains to determine Y,,, and we are
going to use the criteria that the energy separation scales are
different in different directions. In order to do this, we need to
calculate the energy scale in the z-direction. Hence, we take
the stationary states (ground states) of (A2) as

Yin(z, 1) = e "0lhy; (2). (Ad4)

Combining equations (Al) and (A4), and following the
way to find equation (A2), we can derive the equations for



J. Phys. B: At. Mol. Opt. Phys. 49 (2016) 125304

X Ruan et al

200 70

(1) (1)
w® 100 35
oe—= 0
20 160 1280 10 40 160
B 5
40 0
(1)
w” 20 -80 (IV)
0 -160
20 80 320 10 40 160
8 5

(a) comparison of energy (box potential case)

350 150

(1) (I1)

3> 175 75

\

0
20 160 1280 10 40 160

100 0

()

. 6/9/ - (V)
0 -300
20 80 320 10 40 160
o o

(b) comparison of chemical potential (box potential case)

Figure 7. Comparisons of numerical energies and chemical potentials with TF approximations, the box potential case. The 1D problem is
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Xaop (X, y) as Case IT: 2 Vﬂ(lwlz)w is balanced with term -/, and
1 <« 2 (52 1
1, ——-V*,w is much smaller. In this case, -~ ~ —— and
— 2 20 ? 4o 4—-2a
HapXap = — EVLX2D + Vap (") Xap + B2 Ix2pl" Xap > ¢ ¢

— (Vi |X2D|2)X2D’
(AS)

where V2 = 0y, + Oyy, the radially symmetric potential

Vo = TG + 5,
Br= 0 [161pl*dz + 6 [1046,p PPz, (A6a)
8, = 5f|¢1D|4dz. (A6b)

To determine the frozen state x,,, we need minimize the
energy of equation (A5), while parameters (3, and 6, depends
on ¢,,. So, in fact, we need to solve a coupled system
simultaneously for ,, and ¢,,. For this purpose, we will
consider the problem in the quasi-1D limit as v — oc.
Intuitively, the transverse direction is almost compressed to a
Dirac delta function as v — oo, so that a proper scaling is
needed to obtain the correct form of x,,.

We will determine ,,, via a self-consistent iteration as
follows: given some (3, and 6,, under proper scaling as
v — 00, (i) drop the less important part to get approximate
Xop» (1) put X, into equation (A2) to determine the long-
itudinal ground state ¢, ,, (iii) use ¢,,, to compute 3, and 0,
and then (iv) check if it is consistent.

In the quasi-1D regime, ¥ — oo, similar to the conven-
tional GPE case, due to the strong confinement in transverse
direction, the ground-state solution ¢, is very flat in the
z-direction, as both nonlinear terms exhibit repulsive
interactions. It is easy to get the scalings of
J184¢,, PPdz = 0(L3),  [16,pl*dz = O™, where L
indicates the correct length scale of ¢, ,. Therefore 3, and 6,
are, by definition, of the same order since L — oo in the
quasi-1D limit.

For mathematical convenience, we introduce ¢ = 1/ /¥
such that ¢ — OT. In the radial variable, introduce the new
scale 7 = r/e® and w(F) = €%x,p (r) such that 7 ~ O (1) and
W] = 1, then (AS5) becomes
V3w

2€2a

P

25472a

&vfﬁ

E2a

~ o _0n
HopW = — — eTZQViQWF)W

(AT)

Notice that the term (3,/2“W* can be always neglected
compared to the last term since 3, ~ 8, and e~ < €3¢ as
¢ — 0%. On the other hand, (3, and §, are both repulsive
interactions while only the potential term confines the con-
densate. Thus, the correct leading effects (HOI or kinetic
term) should be balanced with the potential term. Now, we are
only left with two possibilities:

Case I o V2, is balanced with term ——, and

2

24 2a

%VZL(M}F)J} is smaller. In this case, e2* ~ ¢*2% So we

get a = 1. Besides, we also need £ 2% > ;T’n, ie. 6, < %

13

e« ﬁ, ie. a < 1andé, ~ %4,
We will check if the scaling is consistent for each case.

Case I since o = 1, we have x,,, as the ground state of the
radial harmonic oscillator,

Xop(r) = — (A8)

and

1 1
[relaxdy = —. [f 19 (xapPPardy = —.
2me e

Recalling ; and 6; in equation (A3), the parameters are in TF
regime I (cf section 3), so in the z-direction we can get the
approximate solution from section 3 as:

(&P —D (361 );
2 r =22, A9
P1p 25 z 5 (A9)
By definition of §, (A6b), we obtain
35( 2 )
_ 4 _
8 = 5f|¢1D| de = [—351) , (A10)
while
5
~& I[1v 2)Rdxdy = 2. All
B8 [ 19l Psdy = — (AL1)

Combining (A10) and (All), we get 6, = 0(5%). But this
contradicts the requirement that §, < 2. Thus case I is
inconsistent.

Case II: as the 6, term is more signiﬁcant than the kinetic
term, we solve pi,, = r2/2e* — 6, V3 |x,p|* within the sup-
port of x,,(r) and get

2 2 é
Yap () = B R oge a— ( 3% ) . (A12)
{32646, 2me?

Hence, we know

3 (36 )§
: Al3
Jrvtas ~ 105, (27r52 (A1)
1 (36 )
/f Vi PeaplPdxdy = 25252(277522) ' (A1

Again, recalling 3, and é; in equation (A3), the para-
meters are in TF regime I (cf section 3), so in the z-direction
we can get the approximate solution from section 3 as
equation (A9). Using ¢,,(z) in equation (A9), we can com-

pute
38( 2 )
6= 6 [lopldc = [ 5 ﬂl) (ALS)

while

)
25%53

3 \s
Bi~ 6f|vi |X2D|2|2dXdy = (2 ) (A16)
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5168

Combining (A15) and (A16), we find &, = 237
57

6

57

ﬁlNl 3

37-4m7
we get « = 6/7, and it satisfies the other constraint o < 1.

Thus, case II is self-consistent, and it is the case that we
should choose to derive the mean-field equation for the quasi-
1D BEC. 3, 6; can be obtained as in equation (15).

To summarize, we identify that x,,, should be taken as
equation (A12) and the mean-field equation (14) for quasi-1D
BEC is derived.

With this explicit form of the approximate solutions, we
can further get the leading-order approximations of chemical
potential and energy for the original 3D problem. It turns out
that 12" ~ %UZD and E)” & 2415, where ji,, is computed
approximately as before.

§177. Noticing the requirement that §, ~ 604,

Appendix B. Derivation of the quasi-2D equation

Under the assumption in section 4, we take the ansatz

w(x’ y7 <, t) = e_i“’lDtXID(Z)wZD(x’ y7 t)’ (Bl)

where the longitudinal state is frozen, i.e. x;, is the minimum
energy state and the energy separation is much larger in the
longitudinal z-direction than the radial direction.

Plugging equation (B1) into equation (8), we can get the
equations for v, with appropriate i, as

. 1
15‘,1[12[)()6, Y, [) = I:i Evi + ‘/2D(-x’ y)

+ Ba [l — 62(V7 |¢2D|2)]1/12D,
(B2)
where the radially symmetric potential V5p (r) = %rz and

B2 =5 [Ipltdxdy + 8 [10.xpPPdz. (B3a)

6= 6 [Tpl*drdy.

with V, = (9, 9,)" and Vi = 9, + 9,,. It remains to
determine , , and we are going to use the same idea as that in
the quasi-1D BEC. In order to do this, we need calculate the
energy scale in the r-direction. Hence, we take the stationary
states (ground states) of equation (B2) as

Yop(r, t) = e_iHZDI¢2D (r).

Combining equation (B1) with equation (B4), we can derive
the equations for 'y, ,(z) as

(B3b)

(B4)

1
- Easzw + Vio(@xip

HipXip =
+ 61 Il xip — 610=Ix1pP) Xips (B5)
where Vip(2) = £,
6= 8 [16aldz + 6 [19163 PPdz, (B6@)

14

§=6 f 16,pl*dz. (B6b)

We proceed similarly to the quasi-1D case. For mathematical
convenience, denote € = ./ such that ¢ — 0*. Rescale z-
variable as Z = z/e®, Y(£) = €2x;p(z) for some o > 0. By
removing the tildes, equation (B5) becomes

2
z B
HipX = = S5 0aX + X + 5—;X3
6
— S @hPx- (B7)

Assuming that the scale is correct, then x will be a regular
function, independent of € so that its norm will be O(1). Now,
we will determine the scale. Intuitively, for the same reason
shown in the quasi-1D case, the term %X3 can always be
neglected compared to the HOI term. In addition, the potential
term is the only effect that confines the condensate, and
cannot be neglected. As a result, there are only two
possibilities:

Case I
b

3a

1 . . 2
— 502X is balanced with term ﬁx, and

(0| x?)x is much smaller. In this case, £2* ~ £*~2. So
f}‘“, ie §) < e.
Case II. :%(@AXF)X is balanced with term zgf—ihx, and
o

—~
gla g4-2a

we get o = 1. Besides, we also need £ 72 >>

: O.x 1s much smaller. In this case, and

e
- [ —
€2 < oy ieca < land & ~ g%,
Now, we check the consistency of each case.

Case I. Since o = 1, we can obtain Y, (z) as the ground state
of the longitudinal harmonic oscillator as

1

Iy 2
€ 22,
€

Xip(2) = (—2 (B8)
e

and the following quantities can be calculated:

1 1
Jivtae = fiuppria: - ——. @)

By examining 3, and 6, in equation (B2), we find 3, is
dominant as ¢ — 0T and the ground state ¢,,(r) can be
obtained as a TF approximation in parameter regime I, as
shown in section 5,

Gop(r) = & = 1), , where R = (4—62)Z (B10)
20, 7r
Then we can compute
2

‘dxdy = , Bl1

2
J19:620p Pxay = = (B12)

2

Having ¢,,,, we can check the consistency of case I. By the
definition of §; in equation (B6), we get

— 4 _ 2
=0 [fiotardy = ==,

(B13)
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while it follows from the definition of 3, in equation (B3), and then removing all ~, we get
6 2 142
~5f 2)[Pdz = . Bl4 poo 1o 0N B
B2 [(xipl™) 1 dz Noris (B14) Ly=— Fv P+ L+ 2y
‘xS ‘x_S‘ ‘xS

Combining equations (B13) and (B14), we obtain §; = 6 PP
2 /6 13 3 . . . - 4+dv (Wl )¢
5\/; (2m)se2 = O(e2) = o(e), which satisfies requirement X

for 6;. Thus, case I is self-consistent.

Z2

Case II. In this case, we solve equation p,, =

2e4
810X pl* within the support of x,,, and get
1
(@2 -2, (455154 )
Xip(@) = ——F——, ' = .
P 262,/65, 2
Then we have the identities as
. 2 (45V, 4ot
Jixnlde = = ) o+, (B15)
2 (45) ;
JiprPa = Z(E ot @0

In the quasi-2D limit regime, ie. 0 < e < 1, by the
definitions of (3, and 6, in equation (B3), we find that (3, is
dominant and ¢,;, can be obtained as the TF density in
parameter regime I shown in section 5, which is exactly the
same as equation (B10).

Similar to the previous case, we can calculate

26
=56 4dxdy = s B17
1 —[/|¢2D| y 3\/71'_62 ( )
where
26 (455
~ 2 /2 = —] — 4 72
B2~ 6 1) Pz m(2)@6ow (B18)

Combining equations (B17) and (B18), we can get §; ~
i(@)i‘%,

45 T

« = 8/7. This contradicts the other requirement that o < 1.
In other words, case II is inconsistent.

In summary, only case I is consistent and 'y, ,, should be
chosen as equation (BS). Thus, the mean-field equation for
quasi-2D BEC is derived in equation (19) with the constants
given in equation (20).

But the requirement is §; ~ €54, so we get

Appendix C. Rescaling with harmonic potential

In this section, we show how to distinguish the four extreme
regions in the TF approximations of equation (22).
In d (d=3,2,1) dimensions, introduce ¥ = =, and

Xg
12}()2) = xf” 2w(x) such that x; is the Thomas—Fermi radius of
the wave function and then the Thomas—Fermi radius in the
new scaling is O(1). It is easy to check that such scaling
conserves the normalization condition equation (10). Sub-
stituting % and ¢ into the time-independent version of (22)
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x, is the length scale and the potential term is O(1).
To balance the confinement with repulsive interactions,
we need X%d ~ O(1) and/or % ~ O(1). For simplicity,
s ) A

g = b

B~ O(xs”d) ~ 0(6%). So the borderline case is
8= CO(S%. If Cy > 1, the § term is much more significant
than the § term; if |Cy| < 1, the § term is much more
significant than the ( term.

we require then x, = 6414, and further
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